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1 Introduction

We investigate two classes of nonlinear initial value problems, first order systems
of the form

y′(t) =
M(t)

t
y(t) + f(t, y(t)), t ∈ (0, 1], (1a)

B0y(0) = β, (1b)

y ∈ C[0, 1], (1c)

where y, f are vector-valued functions of dimension n, M is an n × n matrix,
B0 is an m × n matrix and β is a vector of dimension m ≤ n, and second order
systems of the form

y′′(t) =
A1(t)

t
y′(t) +

A0(t)

t2
y(t) + f(t, y(t)), t ∈ (0, 1], (2a)

B0y(0) = β, (2b)

y ∈ C[0, 1], (2c)

where A0, A1 are n × n matrices, B0 is an m × n matrix and β is a vector of
dimension m ≤ n. In both cases we also will consider “terminal value problems”
where the boundary conditions are posed at t = 1 instead of t = 0.

Research activities in the field of singular problems as well as in related areas (see
enclosed list of publications) are a strong motivation for the search for a method
to be used as a basis for a reliable standard code designed especially for solving
singular boundary value problems, and taking into account the specific difficulties
caused by singularities. Our aim is to develop a theoretical background for a
shooting procedure based on the numerical solution of singular initial value
problems and this paper provides the study of the analytical properties of (1)
and (2) which have to be examined before beginning the convergence analysis
of underlying one-step or multi-step method. Here, existence and uniqueness of
bounded solutions, as well as their smoothness, will be discussed.

Because of numerous applications occurring in the form of singular boundary
value problems1 this class of singular systems has been extensively studied, while
there are only very few papers dealing with the approximation of initial value
problems (see [10], [12] and [15]). Moreover, as far as we are aware, there is no
framework discussing the solvability of (1) and (2) although this theory is quite
important in the context mentioned above.

1See (1) and (2), where (1b) and (2b) are replaced by b(y(0), y(1)) = 0 and
b(y(0), y′(0), y(1), y′(1)) = 0, respectively, b being an appropriately defined nonlinear vector-
valued function.
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Various mathematical models of applications from physics and chemistry take
the form of systems of time-dependent partial differential equations subject to
initial/boundary conditions. For the investigation of stationary solutions many
of these models can be reduced to singular systems of ODEs of second order,
especially when - due to symmetries in the geometry of the problem data - polar,
cylindrical or spherical coordinates can be used ( see the Thomas-Fermi equation,
[4], [8], [17]) occurring in problems from quantum mechanics and astrophysics
and the Ginzburg-Landau equation ([21], [29]), describing ferromagnetic systems
and arising in superconductivity models. Further examples are singular Sturm-
Liouville eigenvalue problems ([1], [26]), problems from chemical reactor theory
([24], [28]) and applications from mechanics, especially from buckling of spherical
shells (see [6], [7], [14], [28]).
Such problems have been solved numerically using standard methods in [13] (finite
difference schemes), [14] (Runge-Kutta and Adams predictor-corrector methods),
[22] (generalized spline methods), and [28] (multiple shooting and Taylor series)
and their successful application in numerical simulation was followed (for scalar
problems) by investigations of stability and convergence properties in [13], [23]
(finite difference schemes) and [25], [27], [31] (collocation and finite differences).
A first contribution to the analysis of singular first order systems has been made
by Brabston and Keller in [2] and [3] and Natterer in [22]. In [9] and [11] the
existence of bounded solutions, finite difference methods and collocation methods
have been investigated by de Hoog and Weiss. The techniques developed in these
papers have been modified to handle singular systems of second order, both linear
and nonlinear (see [32]–[35]).
An outline of the paper is: §3 deals with analytical questions for first order
systems and is subdivided into three parts for linear problems with constant
coefficient matrix M , linear problems with variable coefficient matrix M(t), and
the nonlinear case. In §4 the analogous results for the second order problems are
formulated.
Throughout the paper we heavily rely on techniques developed in [9] and [32],
and refer for details to these papers. Particular attention is paid to the structure
of the initial conditions necessary to satisfy the smoothness requirements (1c)
and to the discussion of resulting consequences in the structure of (1b).

2 Preliminaries

The following notation will be used. We denote by Cn the space of complex-valued
vectors of dimension n and use | · | to denote the maximum norm in Cn,

|x| = |(x1, x2, · · · , xn)T | = max
1≤i≤n

|xi|.

Cp
n[0, 1] is the space of complex vector-valued functions which are p times contin-

uously differentiable on [0, 1], and Cp
n(0, 1] is defined analogously. For a function
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y ∈ C0
n[0, 1] we define the maximum norm

‖y‖ = max
0≤t≤1

|y(t)|.

We will also use the maximum norm restricted to the interval [0, δ], δ > 0,

‖y‖δ = max
0≤t≤δ

|y(t)|.

Cp
n×n[0, 1] is the space of complex-valued n × n matrices with columns from

Cp
n[0, 1]. For a matrix A = (aij)

n
i,j=1, A ∈ C0

n×n[0, 1], ‖A‖ is the induced norm,

‖A‖ = max
0≤t≤1

|A(t)| = max
0≤t≤1

(
max
1≤i≤n

n∑
j=1

|aij(t)|
)

.

Also for matrices, we occasionally will use the maximum norm ‖A‖δ on [0, δ], δ >
0. Where there is no confusion we will delete the subscripts n and n×n and call
C = C[0, 1] = C0[0, 1], C(0, 1] = C0(0, 1]. For a 2n × 2n identity matrix I we
introduce the notation I1 for the n× 2n matrix consisting of the n upper rows of
I and I2 for the n× 2n matrix consisting of the n lower rows of I.

3 Analytic results for systems of first order

We first study initial value problems of the form

y′(t) =
M(t)

t
y(t) + f(t, y(t)), t ∈ (0, 1], (3a)

B0y(0) = β, (3b)

y ∈ C[0, 1], (3c)

where B0 is an m× n matrix and β is a vector of dimension m ≤ n, and

y′(t) =
M(t)

t
y(t) + f(t, y(t)), t ∈ (0, 1], (4a)

B1y(1) = β, (4b)

y ∈ C[0, 1], (4c)

where B1 is an n× n matrix and β is a vector of dimension n.

3.1 Linear problems with constant coefficient matrix M

Consider the problems

y′(t) =
M

t
y(t) + f(t), t ∈ (0, 1], (5a)

B0y(0) = β, (5b)

y ∈ C[0, 1], (5c)
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and

y′(t) =
M

t
y(t) + f(t), t ∈ (0, 1], (6a)

B1y(1) = β, (6b)

y ∈ C[0, 1]. (6c)

The aim of this section is to formulate most general initial conditions which are
necessary and sufficient for the solution y to be continuous on [0, 1].
We first construct the general solution of

y′(t) =
M

t
y(t) + f(t). (7)

Let us denote by J the Jordan canonical form of M and by E the associated
matrix of generalized eigenvectors of M . Moreover, let

v(t) := E−1y(t),

g(t) := E−1f(t).

Then we can rewrite (7) and obtain

v′(t) =
J

t
v(t) + g(t). (8)

To simplify matters, we assume J ∈ Cn×n to consist of only one box,

J =




λ 1 0
. . . . . .

λ 1
0 λ


 , λ = σ + iρ ∈ C. (9)

Lemma 3.1 Every solution of (8) has the form

v(t) = Φ(t)c + Φ(t)

∫ t

1

Φ−1(τ)g(τ) dτ, (10)

where c ∈ Cn is an arbitrary vector and

Φ(t) = tJ := exp(J ln(t))

is the fundamental solution matrix which satisfies

Φ′(t) =
J

t
Φ(t), Φ(1) = I, t ∈ (0, 1], (11)
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and has the form

tJ = tλ




1 ln(t) ln(t)2

2
. . . ln(t)n−1

(n−1)!

0 1 ln(t) · · · ln(t)n−2

(n−2)!

0
. . . 1

. . .
...

...
. . . . . . ln(t)

0 · · · · · · 0 1




. (12)

Proof: For (10) see [5]. To prove the representation (12), define a matrix Ĩ as

Ĩ :=




0 1 0 · · · 0
...

. . . 1
. . .

...
...

. . . . . . 0
...

. . . 1
0 · · · · · · · · · 0




.

Then for J from (9) induction yields

J i =
i∑

k=0

(
i

k

)
λkĨ i−k. (13)

For i = 1, (13) holds because J = λI + Ĩ. Let (13) hold for J i, then

J i+1 =
i∑

k=0

(
i

k

)
λkĨ i−k(λI + Ĩ) =

i∑

k=0

(
i

k

)
λk+1Ĩ i−k +

i∑

k=0

(
i

k

)
λkĨ i−k+1

= Ĩ i+1 +
i∑

k=1

λkĨ i−k+1

((
i

k

)
+

(
i

k − 1

))
+ λi+1I =

i+1∑

k=0

(
i + 1

k

)
λkĨ i−k+1.

¿From this we obtain

tJ =
∞∑
i=0

ln(t)i

i!

i∑

k=0

(
i

k

)
λkĨ i−k. (14)

¿From this formula, the elements in the diagonal can be found for k = i, and are
therefore equal to

∞∑
i=0

ln(t)i

i!
λi = tλ.

Similarly, the other elements of tJ can be found by choosing the appropriate
powers of Ĩ and calculating the corresponding sums.
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¿From the structure of the matrix (12), it is clear that the solution v(t)
given by (10) is not continuous on [0, 1] in general, and its smoothness de-
pends on the eigenvalues of M . Consequently, we treat separately the cases2

σ < 0, λ = 0, σ > 0.

Eigenvalues with negative real parts. Before formulating the main result of
this section, we state the following lemma.

Lemma 3.2 Let γ > 0 and in J from (9) assume either σ < 0 or λ = 0. Then
for

u(t) := tγ
∫ 1

0

s−Jsγ−1f(st) ds

the following estimate holds:

|u(t)| ≤ const. tγ‖f‖δ, t ∈ [0, δ].

Proof: Clearly,

|s−J | ≤ s−σ

n−1∑
i=0

| ln(s)|i
i!

and hence

∫ 1

0

sγ−1|s−J | ds ≤
∫ 1

0

n−1∑
i=0

sγ−σ−1 (− ln(s))i

i!
ds =

n−1∑
i=0

i∑

k=0

sγ−σ(− ln(s))k

k!(γ − σ)i+1−k

∣∣∣∣
1

0

=
n−1∑
i=0

1

(γ − σ)i+1
< ∞.

Lemma 3.3 Let all eigenvalues of M have negative real parts. Then for every
f ∈ Cp[0, 1], p ≥ 0, there exists a unique solution y ∈ C of (5a). This solution
has the form

y(t) = t

∫ 1

0

s−Mf(st) ds, (15)

and satisfies3 y(0) = 0. Moreover, y ∈ Cp+1[0, 1] and the following estimates
hold:

|y(t)| ≤ const. t‖f‖, (16)

|y′(t)| ≤ const. ‖f‖. (17)

2We exclude the case of purely imaginary eigenvalues of M, λ = iσ, leading to solutions of
the form tiσ = cos(σ ln t) + i sin(σ ln t).

3This condition is necessary and sufficient for y to be continuous or equivalently, y ∈ C[0, 1]
iff y(0) = 0.
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Proof: We first rewrite (10) and obtain4

v(t) = tJ
(

c−
∫ 1

0

τ−Jg(τ) dτ

)
+ tJ

∫ t

0

τ−Jg(τ) dτ =: vh(t) + vp(t). (18)

Change of variable in the second integral,

τ 7→ s =
τ

t
, (19)

yields

vp(t) = tJ
∫ t

0

τ−Jg(τ) dτ = t

∫ 1

0

s−Jg(st) ds. (20)

Since the function G(t, s) := s−Jg(st) is continuous on [0, 1] × [0, 1], vp ∈ C
follows, and it is clear from (12) that v ∈ C iff

c−
∫ 1

0

τ−Jg(τ) dτ = 0.

Thus the unique solution y ∈ C satisfying (5a) is

y(t) = t

∫ 1

0

s−Mf(st) ds =: tη(t). (21)

This solution satisfies y(0) = 0 and there are no additional conditions of the form
(5b) to be imposed.
We now examine the smoothness of y. We substitute (21) into (5a) and obtain

y′(t) = Mη(t) + f(t).

The smoothness result follows on noting that η ∈ Cp if f ∈ Cp, see (21). The
estimate for y(t) can be derived from Lemma 3.2 for γ = δ = 1, and the estimate
for y′(t) follows by substituting (15) into (5a).

We recapitulate: The results of Lemma 3.3 imply that in the case where all
eigenvalues of M have negative real parts, the initial value problem (5) reduces
to

y′(t) =
M

t
y(t) + f(t), t ∈ (0, 1],

y(0) = 0,

and y ∈ Cp+1 for any f ∈ Cp.

4Here, J may consist of more than one Jordan box.
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Eigenvalue λ = 0. Let X0 be the eigenspace of M associated with the eigenvalue
λ = 0, and let us denote by R the orthogonal projection onto X0. Also, define

H := I −R.

Let R̃ ∈ Cn×r be the matrix consisting of the linearly independent columns of R,
and for any mapping P denote by R(P ) the range of P . In order to simplify the
subsequent analysis we select a basis in which M is reduced to Jordan form and
use this basis to construct the projections.

Lemma 3.4 Let all eigenvalues of M be zero. Then for every f ∈ Cp[0, 1], p ≥ 0,
and every γ ∈ R(R), there exists a solution y ∈ C of (5a). This solution has the
form

y(t) = γ + t

∫ 1

0

s−Mf(st) ds (22)

and satisfies My(0) = 0. Let m = r and assume that the r × r matrix B0R̃
is nonsingular. Then there exists a unique solution y ∈ C satisfying (5). This
solution is given by (22) with γ = R̃(B0R̃)−1β. Moreover, y ∈ Cp+1[0, 1] and the
following estimates hold:

|y(t)| ≤ const. t‖f‖+ |R̃(B0R̃)−1β|, (23)

|y′(t)| ≤ const. ‖f‖. (24)

Proof: We first consider (18),

v(t) = tJ
(

c−
∫ 1

0

τ−Jg(τ) dτ

)
+ t

∫ 1

0

s−Jg(st) ds =: vh(t) + vp(t)

and show that vp(t) is continuous. Define functions

hm(t) :=

∫ 1

1
m

s−Jg(st) ds, m ∈ N,

and

h∞(t) :=

∫ 1

0

s−Jg(st) ds.

Then, see the proof of Lemma 3.2,

lim
m→∞

|h∞(t)− hm(t)| = lim
m→∞

∣∣∣∣∣
∫ 1

m

0

s−Jg(st) ds

∣∣∣∣∣

≤ lim
m→∞

const.
n−1∑
i=0

i∑

k=0

1
m
| ln(m)|k

k!
= 0
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and hence h∞ is continuous as the uniform limit of continuous functions. Conse-
quently, vp(t) = th∞(t) ∈ C[0, 1].
Let J consist of one Jordan box. Then it is obvious from (12) that v ∈ C iff

J

(
c−

∫ 1

0

τ−Jg(τ) dτ

)
= 0

and therefore v has the form

v(t) = c1u1 + t

∫ 1

0

s−Jg(st) ds,

where c1 ∈ C is an arbitrary constant and u1 ∈ Rn is the first column of the
identity matrix. This implies My(0) = 0 and

y(t) = c1e1 + t

∫ 1

0

s−Mf(st) ds,

where e1 is the first column of E and the only eigenvector of M . The generaliza-
tion for an arbitrary J is clear and yields (22) with y(0) = γ ∈ ker M = R(R).
Consequently, My(0) = 0 is a necessary and sufficient condition for the solution
of (5a) to be continuous. The smoothness results for the solution follow from the
smoothness of f and (22), since the function G(t, s) := s−Mf(st) is integrable
and ∂

∂t
G(t, s) is continuous on [0, 1]× [0, 1].

Finally, we derive a condition which is sufficient for y from (22) to satisfy (5), or
more precisely (5b). We substitute y into (5b) and obtain B0γ = β. This yields

B0R̃α = β

on noting that for every γ ∈ R(R) there exists a unique α ∈ Cr such that γ = R̃α.
The above system of m linear equations for α is uniquely solvable iff m = r and
B0R̃ is nonsingular. In that case,

γ = R̃(B0R̃)−1β.

The estimates (23) and (24) can be shown using the results of Lemma 3.2 for
λ = 0.

We now summarize the last result: If all eigenvalues of M are zero then (5)
reduces to

y′(t) =
M

t
y(t) + f(t), t ∈ (0, 1],

B0y(0) = β,

My(0) = 0,
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and y ∈ Cp+1 for any f ∈ Cp. The initial conditions My(0) = 0 are necessary
and sufficient for y ∈ C and can be equivalently expressed as Hy(0) = 0,
y(0) ∈ kerM or y(0) = Ry(0). They contain n − r linearly independent
equations. The remaining r equations necessary for the uniqueness of y are given
by B0y(0) = β.

We now consider (6). Since in this case all initial conditions need to be posed at
t = 1 the only possible form of M is limited5 to M = 0. This case is not interesting
in its own right, but in the case of a matrix with more complex spectral properties
(see Assumption A.3.2.) the next (fully obvious) lemma describes for the linear,
decoupled problem those components of the solution which correspond to the
eigenvalue λ = 0.

Lemma 3.5 Let M = 0 and the matrix B1 be nonsingular. Then for every
f∈ Cp[0, 1], p ≥ 0, and every β ∈ Cn, there exists a unique solution y ∈ Cp+1 of
(6). This solution has the form

y(t) = B−1
1 β +

∫ t

1

f(τ) dτ,

and the following estimates hold:

|y(t)| ≤ (1− t)‖f‖+ |B−1
1 β|, (25)

|y′(t)| ≤ ‖f‖. (26)

Eigenvalues with positive real parts.

Lemma 3.6 Let γ ≥ 0 and in J from (9) assume σ > 0. Then for

u(t) :=

∫ δ

t

(
t

τ

)J

τ γ−1 dτ, t ∈ [0, δ]

the following estimates hold:

|u(t)| ≤





const.
(

t
δ

)σ
(
1 +

∣∣ln (
t
δ

)∣∣n−1
)

δγ, σ < γ,

const. tσ
(
1 +

∣∣ln (
t
δ

)∣∣n)
, σ = γ,

const. tγ, σ > γ.

Proof: We treat separately the cases6 σ < γ, σ = γ and σ > γ.

5To see this consider the structure of the solution v from (18) for n = 2:
v1(t) = c1 + c2 ln(t)+ vp,1(t), v2(t) = c2 + vp,2(t) with v1(1) = c1 + vp,1(1), v2(1) = c2 + vp,2(1).
Clearly, c2 = 0 is required for v ∈ C which is equivalent to the initial condition v2(1) = vp,2(1),
but the value of the particular solution vp,2(1) is unknown, in general.

6For γ = 0 only the third case is relevant.
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(i) σ < γ:

|u(t)| ≤
∫ δ

t

∣∣∣∣∣
(

t

τ

)J
∣∣∣∣∣ τ γ−1 dτ ≤ const.

∫ δ

t

(
t

τ

)σ
(

1 +

∣∣∣∣ln
(

t

τ

)∣∣∣∣
n−1

)
τ γ−1 dτ

≤ const. tσ

(
1 +

∣∣∣∣ln
(

t

δ

)∣∣∣∣
n−1

)∫ δ

t

τ γ−σ−1 dτ

= const. tσ

(
1 +

∣∣∣∣ln
(

t

δ

)∣∣∣∣
n−1

)
(δγ−σ − tγ−σ).

(ii) σ = γ:

|u(t)| ≤
∫ δ

t

∣∣∣∣∣
(

t

τ

)J
∣∣∣∣∣ τ γ−1 dτ ≤ const. tσ

(
1 +

∣∣∣∣ln
(

t

δ

)∣∣∣∣
n−1

)∫ δ

t

τ−1 dτ

≤ const. tσ

(
1 +

∣∣∣∣ln
(

t

δ

)∣∣∣∣
n−1

)∣∣∣∣ln
(

t

δ

)∣∣∣∣ .

(iii) σ > γ: In this case there exists an ε > 0 such that σ = γ + 2ε and hence
the result follows from

|u(t)| ≤
∫ δ

t

∣∣∣∣∣
(

t

τ

)J
∣∣∣∣∣ τ γ−1 dτ

≤ const.

∫ δ

t

(
t

τ

)γ+ε
[(

t

τ

)ε
(

1 +

∣∣∣∣ln
(

t

τ

)∣∣∣∣
n−1

)]
τ γ−1 dτ

≤ const.

∫ δ

t

(
t

τ

)γ+ε

τ γ−1 dτ,

on noting that the function sε
(
1 + |ln s|n−1) is continuous on [0, 1].

We now use the above result to prove the following lemma.

Lemma 3.7 Let all eigenvalues of M have positive real parts. Then for every
f ∈ Cp[0, 1], p ≥ 0, and every c ∈ Cn, there exists a solution y ∈ C of (6a). This
solution has the form

y(t) = tMc + tM
∫ t

1

τ−Mf(τ) dτ =: yh(t) + yp(t). (27)

If the matrix B1 is nonsingular, then there exists a unique solution of (6). This
solution is given by (27) with c = B−1

1 β, and the following estimates hold:

|y(t)| ≤




const. tσ+(1 + | ln(t)|nmax−1)(|B−1
1 β|+ ‖f‖), σ+ < 1,

const. t(1 + | ln(t)|nmax)(|B−1
1 β|+ ‖f‖), σ+ = 1,

const. t(|B−1
1 β|+ ‖f‖), σ+ > 1,

(28)
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|y′(t)| ≤




const. tσ+−1(1 + | ln(t)|nmax−1)(|B−1
1 β|+ ‖f‖), σ+ < 1,

const. (1 + | ln(t)|nmax)(|B−1
1 β|+ ‖f‖), σ+ = 1,

const. (|B−1
1 β|+ ‖f‖), σ+ > 1,

(29)

where σ+ is the smallest of the positive real parts of the eigenvalues of M and
nmax is the dimension of the largest Jordan box in the Jordan canonical form J
associated with M . This solution satisfies y ∈ C[0, 1] ∩ Cp+1(0, 1]. Moreover, if
p < σ+ ≤ p+1, then y ∈ Cp[0, 1]∩Cp+1(0, 1] and if σ+ > p+1, then y ∈ Cp+1[0, 1].

Proof: Clearly, yh(t) ∈ C[0, 1], see (12). Also, yp(t) ∈ C[ε, 1], for any ε > 0,
and the limit limε→0 yp(ε) exists according to Lemma 3.6, where δ = γ = 1.
Therefore, y ∈ C. The estimate (28) follows immediately from

|tM | ≤ const. tσ+(1 + | ln(t)|nmax−1)

and Lemma 3.6, γ = δ = 1. The estimate (29) follows by substituting y(t) into
(6a) and using (28).
We now discuss the smoothness properties of y. It is clear from

y
(r)
h (t) =

(
dr

dtr
tM

)
c = M rtM−rIc, r = 1, . . . , p + 1,

that p < σ+ ≤ p + 1 is sufficient for yh ∈ Cp[0, 1] ∩ Cp+1(0, 1] and σ+ > p + 1 for
yh ∈ Cp+1[0, 1].
We now consider yp(t). The substitution of yp(t) into (6a) yields

y′p(t) = MtM−I

∫ t

1

τ−Mf(τ) dτ + f(t) = M

∫ t

1

(
t

τ

)M−I

τ−1f(τ) dτ + f(t)

and it follows immediately from Lemma 3.6 that yp ∈ C1 if f ∈ C and σ+ > 1.
We use integration by parts to rewrite the above representation for y′p,

y′p(t) = M(I −M)−1f(t)−MtM−I(I −M)−1f(1)

−MtM−I

∫ t

1

τ I−M(I −M)−1f ′(τ) dτ + f(t),

and from the differentiation thereof we have7

y′′p(t) = MtM−2I

(
f(1) +

∫ t

1

τ I−Mf ′(τ) dτ

)
+ f ′(t).

Consequently, if σ+ > 2 and f ∈ C1[0, 1], then yp ∈ C2[0, 1]. Continuing this
process we obtain analogous expressions for higher derivatives of y,

7Note that sI−M (I −M)−1 = (I −M)−1sI−M .
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|y(p+1)
p (t)| = MtM−(p+1)I

(∫ t

1

τ pI−Mf (p)(τ) dτ +

p−1∑

k=0

k+2∏

l=p

(M − lI)f (k)(1)

)
+f (p)(t).

For σ+ > p + 1 and f ∈ Cp[0, 1], y ∈ Cp+1[0, 1] and the result follows.

General systems. Before discussing the general case we introduce the following
notation. Let X+ be the invariant subspace associated with the eigenvalues with
positive real parts, and let S be a projection onto X+. Let P be a projection
onto X0 ⊕X+. Define

P := R + S

and
Q := I − P.

The above discussion of the structure of smooth solutions suggests to associate
different spectral properties of M with (5) and (6), respectively. For the subse-
quent investigations we therefore make the following assumptions.

A.3.1 In (5) we assume all real parts of the eigenvalues of M to be nonpositive8.

A.3.2 In (6) we assume all real parts of the eigenvalues of M to be nonnegative.
If zero is an eigenvalue of M , then the associated invariant subspace is
assumed to be the eigenspace of M .

The following results stated without proofs are simple consequences of Lemmas
3.3, 3.4, 3.5 and 3.7.

Lemma 3.8 (i) Let y ∈ C be a solution of (5a) with f ∈ C. Then

Qy(0) = 0. (30)

(ii) Let y be a solution of (6a) with f ∈ C. Then y ∈ C and

Sy(0) = 0. (31)

In both cases
My(0) = MRy(0) = 0.

The result of Lemma 3.8 means that in (5) the smoothness requirement (5c) is
equivalent to rank(Q) = rank(M) = n− rank(R) homogeneous initial conditions,
Qy(0) = 0 or My(0) = 0, the solution y must satisfy. In (6) the smoothness
requirement (6c) is satisfied by any solution of (6a). Clearly, both statements are
correct for the special spectral properties of M formulated in A.3.1 and A.3.2.
We stress that these assumptions establish most general singular initial value
problems of the form (5) and (6), where all conditions necessary and sufficient
for a unique solution y ∈ C have to be prescribed at one point, either at t = 0 or
at t = 1.

8Again, if σ = 0, then λ = 0.
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Theorem 3.9 Let the r × r matrix B0R̃ be nonsingular. Then for every f ∈
Cp[0, 1], p ≥ 0, and any vector β ∈ Cr, there is a unique solution y ∈ Cp+1[0, 1]
of (5). This solution has the form

y(t) = R̃(B0R̃)−1β + t

∫ 1

0

s−Mf(st) ds. (32)

Furthermore,

|y(t)| ≤ const. t‖f‖+ |R̃(B0R̃)−1β|, (33)

|y′(t)| ≤ const.‖f‖. (34)

Theorem 3.10 Let B1 be nonsingular. Then for every f ∈ Cp[0, 1], p ≥ 0, and
any vector β ∈ Cn, there is a unique solution y ∈ C[0, 1]∩Cp+1(0, 1] of (6). This
solution is given by

y(t) = tMB−1
1 β + tM

∫ t

1

τ−Mf(τ) dτ, (35)

and the following estimates hold:

|y(t)| ≤




const. (tσ+(1 + | ln(t)|nmax−1) + 1)(|B−1
1 β|+ ‖f‖), σ+ < 1,

const. (t(1 + | ln(t)|nmax) + 1)(|B−1
1 β|+ ‖f‖), σ+ = 1,

const. (t + 1)(|B−1
1 β|+ ‖f‖), σ+ > 1,

|y′(t)| ≤




const. (tσ+−1(1 + | ln(t)|nmax−1)(|B−1
1 β|+ ‖f‖) + ‖f‖), σ+ < 1,

const. (1 + | ln(t)|nmax)(|B−1
1 β|+ ‖f‖), σ+ = 1,

const. (|B−1
1 β|+ ‖f‖), σ+ > 1.

Moreover, if p < σ+ ≤ p + 1, then y ∈ Cp[0, 1] ∩ Cp+1(0, 1] and if σ+ > p + 1,
then y ∈ Cp+1[0, 1].

In the next section we deal with problems with variable coefficient matrices M(t).

3.2 Linear problems with variable coefficient matrix M(t)

Here we study initial value problems of the form

y′(t) =
M(t)

t
y(t) + f(t), t ∈ (0, 1], (36a)

B0y(0) = β, (36b)

My(0) = 0, (36c)

where M := M(0), and

y′(t) =
M(t)

t
y(t) + f(t), t ∈ (0, 1], (37a)

B1y(1) = β. (37b)

14



We discuss two cases, M ∈ C[0, 1]∩C1(0, 1] and M ∈ C1[0, 1], where M is chosen
to have the form

M(t) = M + tγ
◦
C(t), γ > 0,

◦
C ∈ C[0, 1], (38)

and
M(t) = M + t

◦
C(t),

◦
C ∈ C[0, 1], (39)

respectively.

3.2.1 Coefficient matrix M(t) ∈ C1(0, 1]

Consider (36) with M(t) given by (38) and assume that M(0) satisfies A.3.1.
Then (36a) is equivalent to

y′(t) =
M

t
y(t) + tγ−1

◦
C(t)y(t) + f(t), t ∈ (0, 1]. (40)

Theorem 3.11 If B0R̃ is nonsingular, then for every f ∈ C and
◦
C ∈ C, there

exists a unique, continuous solution of (36). This solution has the form

y(t) = (KCy)(t) + ψ(t), (41)

where

(KCy)(t) = tγ
∫ 1

0

s−Msγ−1
◦
C(st)y(st) ds

and

ψ(t) = R̃(B0R̃)−1β + t

∫ 1

0

s−Mf(st) ds

and satisfies y ∈ C1(0, 1]. Moreover, the estimate

|y(t)| ≤ const. tγ(‖f‖δ + |R̃(B0R̃)−1β|) + |R̃(B0R̃)−1β|, t ∈ [0, δ] (42)

holds.

Proof: The representation of the solution follows as in Theorem 3.9. Con-
sequently, for t ∈ [0, δ], 0 < δ ≤ 1, y is a fixed point of the operator
(KCψy)(t) := (KCy)(t) + ψ(t), where KC : C[0, δ] → C[0, δ] is a bounded lin-
ear operator with

‖KCy‖δ ≤ D δγ‖y‖δ, D = const.,

see Lemma 3.2. Therefore, the operator KCψ is contracting for δ sufficiently

small, δ < ( 1
D

)
1
γ . Now the Banach Fixed Point Theorem implies that there exists

a unique solution y ∈ C[0, δ] of (41). This solution satisfies the initial condition
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(36b) and can be continued uniquely to t = 1. Finally, we substitute y into (40)
and see that the structure of its first derivative is

y′(t) = tγ−1ξ(t) + f(t), ξ ∈ C.

Hence, y ∈ C1(0, 1].
We now estimate y(t) for t ∈ [0, δ], where δ is chosen such that ‖KC‖δ = L < 1.
Since

(I − KC)−1 = I +
∞∑
i=1

(KC)i,

we have

y(t) = ((I − KC)−1ψ)(t) = ψ(t) +
∞∑
i=1

((KC)iψ)(t).

Using Lemma 3.2 we now derive a bound for ψ,

‖ψ‖δ ≤ |R̃(B0R̃)−1β|+ const. ‖f‖δ,

and by the Banach Lemma we conclude

‖y‖δ ≤ 1

1− L
‖ψ‖δ ≤ const. (|R̃(B0R̃)−1β|+ ‖f‖δ).

Using Lemma 3.2 and the above bounds for ‖ψ‖δ and ‖y‖δ in (41), we conclude
that (42) holds.

We now turn to (37) and assume that M(0) satisfies A.3.2. For a nonsingular
matrix B1, the classical theory yields the existence of a unique solution z(t) of
(37), z ∈ C1[δ, 1], 0 < δ ≤ 1. Define z(δ) =: ω. In the following theorem we
answer the question whether such a solution can be extended to t = 0.

Theorem 3.12 If B1 is nonsingular, then for any f ∈ C and
◦
C ∈ C, there exists

a unique, continuous solution y of (37). For y(δ) = ω, 0 < δ ≤ 1, this solution
has the form

y(t) = (KCy)(t) + ψ(t), (43)

where

(KCy)(t) =

∫ t

δ

(
t

τ

)M

τ γ−1
◦
C(τ)y(τ) dτ

and

ψ(t) =

(
t

δ

)M

ω +

∫ t

δ

(
t

τ

)M

f(τ) dτ,

and satisfies y ∈ C1(0, 1]. Moreover, for t ∈ [0, δ]

|y(t)| ≤




const.(tσ+(1 + | ln(t)|nmax−1) + 1)(|ω|+ ‖f‖δ), σ+ < γ,
const.(tγ(1 + | ln(t)|nmax) + 1)(|ω|+ ‖f‖δ), σ+ = γ,
const.(tγ + 1)(|ω|+ ‖f‖δ), σ+ > γ.

(44)
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Proof: The representation of the solution is clear from Theorem 3.10. Again, for
t ∈ [0, δ] y is a fixed point of the operator (KCψy)(t) := (KCy)(t) + ψ(t), where
the integral operator KC : C[0, δ] → C[0, δ] is linear and bounded. We now use
Lemma 3.6 to estimate KCy. For σ = γ we obtain

‖KCy‖δ ≤ D δγ/2‖y‖δ, D = const.

on noting that |tγ/2
(
1 +

∣∣ln (
t
δ

)∣∣n) | is bounded uniformly in t ∈ [0, δ]. For the
cases σ < γ and σ > γ we have

‖KCy‖δ ≤ D δγ‖y‖δ, D = const.

and therefore KCψ is contracting with constant L for a sufficiently small δ.
Finally, we prove the estimate (44). For the components of the solution associated
with eigenvalues with positive real parts we derive a bound for ψ using Lemma
3.6,

‖ψ‖δ ≤ const.(|ω|+ ‖f‖δ),

and obtain for y,

‖y‖δ ≤ 1

1− L
‖ψ‖δ ≤ const.(|ω|+ ‖f‖δ).

We now use the above bounds and Lemma 3.6 in (43) to estimate y(t),

|y(t)| ≤
∫ t

δ

∣∣∣∣∣
(

t

τ

)M
∣∣∣∣∣ τ γ−1 dτ‖ ◦C‖δ‖y‖δ +

∣∣∣∣∣
(

t

δ

)M
∣∣∣∣∣ |ω|+

∫ t

δ

∣∣∣∣∣
(

t

τ

)M
∣∣∣∣∣ dτ‖f‖δ,

and obtain (44) on noting that
∣∣∣∣∣
(

t

δ

)M
∣∣∣∣∣ ≤ const. tσ+(1 + | ln(t)|nmax−1)

and combining this estimate with the obvious estimates for the components as-
sociated with eigenvalue 0.

3.2.2 Coefficient matrix M(t) ∈ C1[0, 1]

In this section we study the initial value problems (36) and (37), where M(t) is
given by (39). The corresponding system of differential equations reads

y′(t) =
M

t
y(t)+

◦
C(t)y(t) + f(t), t ∈ (0, 1] (45)

which is equivalent to γ = 1 in (40). The existence of continuous and unique
solutions of (36) and (37) is obvious from the considerations in the previous
section (with γ = 1). Therefore, in the following two theorems we discuss in
more detail only the smoothness properties of y.
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Theorem 3.13 If B0R̃ is nonsingular, then for every f,
◦
C ∈ Cp, p ≥ 0, there

exists a unique solution y of (36). This solution satisfies y ∈ Cp+1[0, 1].

Proof: In (41) we set γ = 1 and conclude that any continuous solution of (36)
has the form

y(t) = tη(t) + R̃(B0R̃)−1β, η(t) ∈ C,

where

η(t) =

∫ 1

0

s−M
◦
C(st)y(st) ds +

∫ 1

0

s−Mf(st) ds.

We now substitute y into (45). Hence,

y′(t) = Mη(t)+
◦
C(t)y(t) + f(t) ∈ C

and y ∈ C1. The result follows by successively applying the above argument in
Theorem 3.9.

Theorem 3.14 If B1 is nonsingular, then for any f,
◦
C ∈ Cp, p ≥ 0, there exists

a unique solution y of (37). Moreover, if p < σ+ ≤ p + 1, then y ∈ Cp[0, 1] ∩
Cp+1(0, 1] and if σ+ > p + 1, then y ∈ Cp+1[0, 1].

Proof: The smoothness results can be shown using techniques developed in
Lemma 3.7.

Remark. Bounds for the solution can be obtained by setting γ = 1 in (42) and
(44). y′ can be estimated by proceeding as in Theorems 3.9 and 3.10.

3.3 Nonlinear problems

In this section we discuss nonlinear problems of the form

y′(t) =
M(t)

t
y(t) + f(t, y(t)), t ∈ (0, 1], (46a)

B0y(0) = β, (46b)

My(0) = 0, (46c)

and

y′(t) =
M(t)

t
y(t) + f(t, y(t)), t ∈ (0, 1], (47a)

B1y(1) = β, (47b)

where f(t, y) is assumed to be continuous and Lipschitz-continuous with respect
to y on a suitably defined domain.
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We restrict our attention to the case where M ∈ C1[0, 1] is of the form (39) and
study the system

y′(t) =
M

t
y(t)+

◦
C(t)y(t) + f(t, y(t)) =:

M

t
y(t) + F (t, y(t)). (48)

Here, we assume that all quantities except for the eigenvalues of M are real.

Theorem 3.15 Let f ∈ Cp([0, 1]× Rn),
◦
C ∈ Cp[0, 1], p ≥ 0, and let the matrix

B0R̃ be nonsingular. Assume f(t, y) to be Lipschitz-continuous with respect to y
on [0, 1]× Rn. Then there exists a unique solution y of (46) which has the form

y(t) = (KFy)(t) + γ, (49)

where

(KFy)(t) = t

∫ 1

0

s−MF (st, y(st)) ds = t

∫ 1

0

s−M
( ◦
C(st)y(st) + f(st, y(st))

)
ds

and
γ = R̃(B0R̃)−1β,

and satisfies y ∈ Cp+1[0, 1]. Moreover, for t ∈ [0, δ] the estimates

|y(t)| ≤ const. t(Fδ + |R̃(B0R̃)−1β|) + |R̃(B0R̃)−1β|, (50)

|y′(t)| ≤ const. (Fδ + |R̃(B0R̃)−1β|), (51)

hold

Proof: We first prove the result on the subinterval [0, δ]. Then standard argu-
ments yield the extension to the whole interval, see §3.2.
Clearly, solving (46) on [0, δ] is equivalent to finding a fixed point of the nonlinear
operator (KFγy)(t) := (KFy)(t) + γ. ¿From Lemma 3.2 we conclude that for
a sufficiently small δ the operator KFγ is contracting (with constant L < 1) on
C[0, δ]. Consequently, there exists a unique solution y of (49) and y ∈ C[0, δ].
The smoothness of higher derivatives of y, y ∈ Cp+1[0, 1], can be shown in a
manner indicated in Theorem 3.13.
Finally, we estimate y and y′. From

‖KFγy‖δ − ‖KFγ0‖δ ≤ ‖KFγy −KFγ0‖δ ≤ L‖y‖δ

we obtain

‖y‖δ ≤ 1

1− L

(
|γ|+ D max

τ∈[0,δ]
|f(τ, 0)|

)
=: r.

We can now estimate f on the bounded domain

U := [0, δ]× {y ∈ Rn : |y| ≤ r}
and define

Fδ := max
(t,y)∈U

|f(t, y)|. (52)

Using this bound and Lemma 3.2 we obtain (50) and (51).
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For weaker smoothness assumptions on f , f ∈ Cp([0, 1] × {y ∈ Rn : |y| ≤ r∗})
with r∗ ≥ r, the arguments of Theorem 3.15 can be used to show the existence,
uniqueness and smoothness of y on [0, δ]. In this case, though, the classical theory
does not answer the question whether this solution can be extended to the whole
interval [0, 1].

Theorem 3.16 Let f ∈ Cp([0, 1]× Rn),
◦
C ∈ Cp[0, 1], p ≥ 0, and let the matrix

B1 be nonsingular. Moreover, assume f(t, y) to be Lipschitz-continuous with
respect to y on [0, 1] × Rn. Then there exists a unique solution y of (47). For
y(δ) = ω this solution has the form

y(t) = (KFψy)(t) := (KFy(t) + ψ(t),

where

(KFy)(t) =

∫ t

δ

(
t

τ

)M

(
◦
C(τ)y(τ) + f(τ, y(τ))) dτ,

ψ(t) =

(
t

δ

)M

ω

and satisfies y ∈ C[0, 1] ∩ Cp+1(0, 1]. If p < σ+ ≤ p + 1, then y ∈ Cp[0, 1] ∩
Cp+1(0, 1], and if σ+ > p + 1, then y ∈ Cp+1[0, 1]. Moreover, for t ∈ [0, δ]

|y(t)| ≤




const.(tσ+(1 + | ln(t)|nmax−1) + 1)(|ω|+ Fδ), σ+ < 1,
const.(t(1 + | ln(t)|nmax) + 1)(|ω|+ Fδ), σ+ = 1,
const.(t + 1)(|ω|+ Fδ), σ+ > 1,

(53)

where Fδ is defined as in (52).

Proof: The existence result follows by representing the solution in a way indicated
in Theorem 3.129 and applying techniques from Theorem 3.15 with Lemma 3.6
instead of Lemma 3.2. The smoothness results can be shown in a way presented
in Theorem 3.10. The estimates for y(t) are proven as in Theorem 3.15 using
Lemma 3.6.

We note that for the solution of (46), y ∈ C1[0, 1], the value of y′(0) can be
calculated by using the local Taylor expansion at t = 0. From

y(t) = y(0) + t

∫ 1

0

y′(τt) dτ

and (46a) we have

lim
t→0

y′(t) = lim
t→0

(
1

t
M(t)y(0) + M(t)

∫ 1

0

y′(τt) dτ + f(t, y(t))

)

=
◦
C(0)y(0) + M(0)y′(0) + f(0, y(0)),

9Here, by classical theory, a solution on [δ, 1] exists.
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which implies10

y′(0) = (I −M(0))−1(M ′(0)y(0) + f(0, y(0))). (54)

The above representation does not hold for the solution of (47), since in this case
y′(0) may not exist.

4 Analytic results for systems of second order

We now discuss the following classes of second order problems:

y′′(t) =
A1(t)

t
y′(t) +

A0(t)

t2
y(t) + f(t, y(t)), t ∈ (0, 1], (55a)

B0y(0) = β, (55b)

y ∈ C[0, 1], (55c)

where B0 is an m× n matrix and β is a vector of dimension m ≤ n, and

y′′(t) =
A1(t)

t
y′(t) +

A0(t)

t2
y(t) + f(t, y(t)), t ∈ (0, 1], (56a)

B0y(1) + B1y
′(1) = β, (56b)

y ∈ C[0, 1], (56c)

where B0, B1 are 2n × n matrices and β is a vector of dimension 2n. We use
the linear transformation z(t) = (z1(t), z2(t))

T := (y(t), ty′(t))T to transform the
second order system to the first order form and obtain

z′(t) =
M(t)

t
z(t) + t

◦
f(t, z(t)), t ∈ (0, 1], (57)

where

M(t) =

(
0 I

A0(t) I + A1(t)

)
,

◦
f(t, z(t)) =

(
0

f (t, z1(t))

)
. (58)

Clearly, techniques and results from §3 can now be utilized in the investigations
of (55) and (56). Notation is used accordingly. Especially, we again associate
assumptions A.3.1 and A.3.2. with the matrix M := M(0) occurring in the
transformed versions of problems (55) and (56), respectively.

Linear problems with constant coefficient matrices A0 and A1. As a first
step in the analysis of second order systems we study the linear problem

y′′(t) =
A1

t
y′(t) +

A0

t2
y(t) + f(t), t ∈ (0, 1], (59a)

B0y(0) = β, (59b)

A0y(0) = 0, y′(0) = 0. (59c)

10Note that M(0) has only nonpositive eigenvalues and hence, I −M(0) is nonsingular.
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Theorem 4.1 Let m = r and assume that the r×r matrix B0I1R̃ is nonsingular.
Then for every f ∈ Cp[0, 1], p ≥ 0, there is a unique continuous11 solution of (59).
This solution has the form

y(t) = I1R̃(B0I1R̃)−1β + t2I1

∫ 1

0

ss−M
◦
f(st) ds, (60)

y′(t) = tI2

∫ 1

0

ss−M
◦
f(st) ds. (61)

Moreover, y ∈ Cp+2[0, 1], and the following estimates hold:

|y(t)| ≤ const. t2‖f‖+ |R̃(B0I1R̃)−1β|, (62)

|y′(t)| ≤ const. t‖f‖, (63)

|y′′(t)| ≤ const. ‖f‖. (64)

Proof: Consider the first order problem

z′(t) =
M

t
z(t) + t

◦
f(t), t ∈ (0, 1], (65a)

B0z1(0) = β, (65b)

where

M =

(
0 I
A0 I + A1

)
,

◦
f(t) =

(
0

f(t)

)
. (66)

Then by Theorem 3.9 the only continuous solution of (65a) has the form

z(t) = γ + t2
∫ 1

0

ss−M
◦
f(st) ds,

where γ ∈ kerM = R(R). We now choose γ in such a way that (65b) is satisfied.
Note that the special form of M forces a certain structure of γ = (γ1, γ2)

T .
Obviously, Mγ = 0 implies γ2 = 0. Let γ1 = I1R̃α, see the proof of Lemma 3.4
for notation, and substitute z1(0) = I1R̃α into (65b). Then γ1 = I1R̃(B0I1R̃)−1β
and hence the representations (60) and (61) follow. Condition A0y(0) = 0 is a
consequence of z(0) ∈ kerM ⇔ Mz(0) = 0 and y′(0) = 0 follows from (61).
Finally, from Theorem 3.9 we conclude y ∈ Cp+1[0, 1] and the substitution of
(60) and (61) into (59a) yields y ∈ Cp+2[0, 1]. All estimates can be derived in a
straightforward manner.

Note that γ ∈ kerM iff γ1 ∈ kerA0 and r = rank(R) = n − rank(A0) =
2n − rank(M) ≤ n. This means in particular, that M nonsingular implies
A0 nonsingular. Consequently, if all real parts of the eigenvalues of M are
negative, then the homogeneous initial condition z(0) = 0 for the first order

11Conditions (59c) are necessary and sufficient for the solution of (59a) to be continuous.
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system corresponds to y(0) = 0, y′(0) = 0 for the second order one, otherwise
Mz(0) = 0 corresponds to A0y(0) = 0, y′(0) = 0. This set of equations provides
rank(A0) + n = 2n− r linearly independent conditions to be satisfied for y ∈ C.
The remaining r conditions necessary for the uniqueness of y are given by
B0y(0) = β.

We now deal with the problem

y′′(t) =
A1

t
y′(t) +

A0

t2
y(t) + f(t), t ∈ (0, 1], (67a)

B0y(1) + B1y
′(1) = β, (67b)

and formulate the standard result in the following theorem.

Theorem 4.2 Let the 2n × 2n matrix B0B1 be nonsingular. Then for every
f ∈ Cp[0, 1], p ≥ 0, there is a unique solution y of (67) and y ∈ C[0, 1]∩Cp+2(0, 1].
This solution has the form

y(t) = I1t
M

(
(B0B1)

−1β +

∫ t

1

ττ−M
◦
f(τ) dτ

)
, (68)

y′(t) = I2t
M−I

(
(B0B1)

−1β +

∫ t

1

ττ−M
◦
f(τ) dτ

)
, (69)

and the following estimates hold:

|y(t)| ≤




const. (tσ+(1 + | ln(t)|nmax−1) + 1)(|(B0B1)
−1β|+ ‖f‖), σ+ < 2,

const. (t2(1 + | ln(t)|nmax) + 1)(|(B0B1)
−1β|+ ‖f‖), σ+ = 2,

const. (t2 + 1)(|(B0B1)
−1β|+ ‖f‖), σ+ > 2,

|y′(t)| ≤




const. (tσ+−1(1 + | ln(t)|nmax−1) + 1)(|(B0B1)
−1β|+ ‖f‖), σ+ < 2,

const. (t(1 + | ln(t)|nmax) + 1)(|(B0B1)
−1β|+ ‖f‖), σ+ = 2,

const. (t + 1)(|(B0B1)
−1β|+ ‖f‖), σ+ > 2,

|y′′(t)| ≤




const. tσ+−2(1 + | ln(t)|nmax−1)(|(B0B1)
−1β|+ ‖f‖), σ+ < 2,

const. (1 + | ln(t)|nmax)(|(B0B1)
−1β|+ ‖f‖), σ+ = 2,

const. (|(B0B1)
−1β|+ ‖f‖), σ+ > 2,

where σ+ is the smallest positive real part of the eigenvalues of M and nmax is the
dimension of the largest Jordan box in the Jordan canonical form of M . Moreover,
if p < σ+ ≤ p + 1, then y ∈ Cp[0, 1] ∩ Cp+2(0, 1] and if p + 1 < σ+ ≤ p + 2, then
y ∈ Cp+1[0, 1] ∩ Cp+2(0, 1]. Finally, y ∈ Cp+2[0, 1] if σ+ > p + 2.

Proof: Theorem 3.10 and Lemma 3.6 with γ = 2. The estimates for y′′ follow
by combining the bounds derived separately for the components of the solution
associated with the eigenvalue λ = 0 and the eigenvalues with positive real parts.
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Linear problems with variable coefficient matrices A0(t) and A1(t). We
first consider the problem

y′′(t) =
A1(t)

t
y′(t) +

A0(t)

t2
y(t) + f(t), t ∈ (0, 1], (70a)

B0y(0) = β, (70b)

A0y(0) = 0, y′(0) = 0, (70c)

where A0 := A0(0). Motivated by the smoothness statements from Theorems 3.11
and 3.13, we assume A0, A1 ∈ C1[0, 1] and write both matrices in the form

Ai(t) = Ai(0) + tCi(t), Ci ∈ C[0, 1], i = 1, 2. (71)

Transformation to a first order problem yields

z′(t) =
M

t
z(t)+

◦
C(t)z(t) + t

◦
f(t), (72)

where

M :=

(
0 I

A0(0) I + A1(0)

)
,

◦
C(t) :=

(
0 0

C0(t) C1(t)

)
,

◦
f(t) :=

(
0

f(t)

)
.

In the next theorem we need a finer structure of A0 than of A1 and therefore we
additionally assume

A0(t) = A0(0) + tC0(t) = A0(0) + tA′
0(0) + t2D0(t), D0 ∈ C. (73)

Theorem 4.3 Let the matrix B0I1R̃ be nonsingular. Then for every f, C1 ∈
Cp[0, 1] and C0 ∈ Cp+1[0, 1], p ≥ 0, there exists a unique solution y of (70) iff
A′

0(0)y(0) = 0. This solution satisfies y ∈ Cp+2[0, 1]. Moreover, there exists a
δ > 0, such that for every t ∈ [0, δ] the following estimates hold:

|y(t)| ≤ const. t2(|R̃(B0I1R̃)−1β|+ ‖f‖δ) + |R̃(B0I1R̃)−1β|, (74)

|y′(t)| ≤ const. t(|R̃(B0I1R̃)−1β|+ ‖f‖δ), (75)

|y′′(t)| ≤ const. (|R̃(B0I1R̃)−1β|+ ‖f‖δ). (76)

Proof: Consider the problem

z′(t) =
M

t
z(t)+

◦
C(t)z(t) + t

◦
f(t), t ∈ [0, δ], (77a)

B0z1(0) = β. (77b)

Define γ := (γ1, 0)T ∈ R(R), γ1 := I1R̃(B0I1R̃)−1β12. It follows from Theorem
3.13 that for sufficiently small δ there exists a unique solution z ∈ Cp+1[0, δ]

12Note that A0(0)γ1 = 0.
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of (77). This solution has the form z(t) = γ + tζ(t) and satisfies Qz(0) = 0.
Substituting z into (72) gives

z′(t) =
1

t
Mz(t)+

◦
C(t)γ + t(

◦
C(t)ζ(t)+

◦
f(t)). (78)

We conclude y = z1 ∈ Cp+2[0, δ] on noting that
◦
C(t)γ = (0, C0(t)γ1)

T ∈ Cp+1[0, δ]

and
◦
C(t)ζ(t)+

◦
f(t) ∈ Cp[0, δ], see Theorem 3.13 and Theorem 4.1.

It is clear that in general y′(0) 6= 0, since from

z′(0) = (I −M)−1
◦
C(0)γ

one only has13

y′(0) = −(A0(0) + A1(0))−1C0(0)y(0).

In order to show that A′
0(0)y(0) = 0 is sufficient for y to satisfy y′(0) = 0 we

rewrite
◦
C(t)γ,

◦
C(t)γ =

(
0 0

A′
0(0) 0

)
γ+t

(
0 0

D0(t)
C1(t)

t

)
γ = t

◦
D(t)γ,

◦
D(t) =

(
0 0

D0(t) 0

)
,

and substitute the latter expression into (78),

z′(t) =
1

t
Mz(t) + t(

◦
D(t)γ+

◦
C(t)ζ(t)+

◦
f(t)).

Consequently,

z(t) = γ + t2ϑ(t), y(t) = γ1 + t2I1ϑ(t), y′(t) = tI2ϑ(t),

where

ϑ(t) :=

∫ 1

0

ss−M

(
◦
D(st)γ+

◦
C(st)ζ(st)+

◦
f(st)

)
ds, ϑ ∈ C[0, δ].

Clearly, the above y can be uniquely continued to t = 1 and the result follows.

We stress that any continuous solution z of (77) satisfies M(0)z(0) = 0 and the
corresponding conditions expressed in terms of y solving (70a) and (70b) read
either

A0(0)y(0) = 0, (A0(0) + A1(0))y′(0) + C0(0)y(0) = 0,

or
A0(0)y(0) = 0, y′(0) = 0,

if y(0) ∈ kerA′
0(0).

13(A0(0) + A1(0)) is nonsingular because (I −M) is nonsingular.
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We now discuss the problem

y′′(t) =
A1(t)

t
y′(t) +

A0(t)

t2
y(t) + f(t), t ∈ (0, 1], (79a)

B0y(1) + B1y
′(1) = β, (79b)

where Ai(t) is given by (71). Then we have the following result.

Theorem 4.4 Let the 2n × 2n matrix B0B1 be nonsingular. Then for every
f, C1 ∈ Cp[0, 1] and C0 ∈ Cp+1[0, 1], p ≥ 0, there is a unique continuous solution
of (79). Moreover, if σ+ > p + 1, then y ∈ Cp+1[0, 1], if σ+ > p + 2, then
y ∈ Cp+2[0, 1].

Proof: The existence and uniqueness of the solution z of the associated first order
problem follow by applying Theorem 3.14 to (72).
To show the smoothness results, we first split14 z,

z(t) = (R + S)z(t) = R(Rz(t)) + t

(
Sz(t)

t

)
=: Rr(t) + ts(t),

where s ∈ C[0, 1] since σ+ > 1. This implies the following structure of (72):

z′(t) =
1

t
Mz(t)+

◦
C(t)Rr(t) + t(

◦
C(t)s(t)+

◦
f(t)).

Let σ+ > p + 1, then

◦
C(t)Rr(t) =

(
0 0

C0(t)I1R 0

)
r(t) ∈ Cp+1[0, 1]

and
◦
C (t)s(t)+

◦
f (t) ∈ Cp[0, 1] and hence, the smoothness results follow from

Theorem 3.14 and Theorem 4.2.

Nonlinear problems. Consider the problems

y′′(t) =
A1(t)

t
y′(t) +

A0(t)

t2
y(t) + f(t, y(t)), t ∈ (0, 1], (80a)

B0y(0) = β, (80b)

A0y(0) = 0, y′(0) = 0 (80c)

and

y′′(t) =
A1(t)

t
y′(t) +

A0(t)

t2
y(t) + f(t, y(t)), t ∈ (0, 1], (81a)

B0y(1) + B1y
′(1) = β. (81b)

14Recall that S is the projection onto X+.
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We transform the second order system to the first order form and have

z′(t) =
M

t
z(t)+

◦
C(t)z(t) + t

◦
f(t, z(t)), (82)

where

M := M(0) =

(
0 I

A0(0) I + A1(0)

)
,

◦
C(t) =

(
0 0

C0(t) C1(t)

)
,

◦
f(t, z(t)) :=

(
0

f (t, I1z(t))

)
,

see (71).
The following results are consequences of Theorems 4.3 and 4.4 applied to (80)
and (81), respectively, where (72) is replaced by (82) and the Lipschitz-condition

for
◦
f is used.

Theorem 4.5 Let f ∈ Cp([0, 1] × Rn), C1 ∈ Cp[0, 1], C0 ∈ Cp+1[0, 1]15, p ≥
0, and let the matrix B0I1R̃ be nonsingular. Assume f(t, y) to be Lipschitz-
continuous with respect to y on [0, 1]×Rn. Then there exists a unique solution y
of (80) iff A′

0(0)y(0) = 0. This solution satisfies y ∈ Cp+2[0, 1].

Theorem 4.6 Assume f ∈ Cp([0, 1]× Rn), C1 ∈ Cp[0, 1], C0 ∈ Cp+1[0, 1], p ≥ 0,
and the matrix B0B1 to be nonsingular. Assume f(t, y) to be Lipschitz-continuous
with respect to y on [0, 1]×Rn. Then there exists a unique continuous solution y
of (81). Moreover, y ∈ Cp+1[0, 1] if σ+ > p + 1, and y ∈ Cp+2[0, 1] if σ+ > p + 2.

Finally, using Taylor’s Theorem we can derive a representation for y′′(0), where
y ∈ C2[0, 1] is a solution of (80); see §3.3 for the analogous representation of y′(0)
for the solution of (47),

(
I − A1(0)− A0(0)

2

)
y′′(0) =

A′′
0(0)

2
y(0) + f(0, y(0)). (83)

This is a system of n linear equations for y′′(0) which is uniquely solvable iff the
leading coefficient matrix is nonsingular.
When applying a numerical method to solve (46) or (80) one often needs to
provide a discretization at t = 0 for the system (46a) or (80a), respectively. In
most of the methods this involves an evaluation of the corresponding right hand
side at t = 0 which is not possible when the singularity is present. In such a case
the local behavior of y′(0) or y′′(0) described in (54) and (83), respectively, can
be used to remedy the difficulty (see [9], [34]).

15Again, assume A0(t) = A0(0) + tC0(t) = A0(0) + tA′0(0) + t2D0(t) with D0 ∈ C.
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