
Numerical Treatment of Singular Boundary andInitial Value ProblemsPeter W. Ko
er and Ewa B. Weinm�ullerUniversity of Technology ViennaInstitute of Applied Mathematics and Numerical AnalysisA-1040 Vienna, AustriaAbstractIn this paper we give an overview of the theory on the singular two-point BVPsfor ODE's of second order. We discuss the solvability of the analytical problem andthe stability and convergence results of a collocation method and a �nite di�erencescheme when applied for its approximate solution. Moreover, experimental results ofthe performance of linear multistep methods in case of singular initial value problemswill be presented and some open questions concerning the behavior of these methodswill be addressed.1 Overview of the Theory of Singular BVP'sLasting interest in the numerical solution of singular boundary value problems is stronglymotivated by numerous applications from chemistry, physics and mechanics, cf. [4] and [7].During the last decades there was a considerable progress in the theory of approximations tosolutions of singular problems for systems of ODE's of the �rst and second order. For wideclasses of methods (�nite di�erence methods, collocation, Runge{Kutta methods, shooting,parallel shooting, multistep methods) stability and convergence results have been establishedand global error bounds have been derived. Also, asymptotic expansions for the global errorof the standard three-point �nite di�erence scheme for a second order problem have beenstudied.The second author's main contribution to the theory of singular problems was the investiga-tion of the analytical properties of two-point nonlinear boundary value problems of secondorder and the study of the performance of several numerical methods for their approximate1



solution. In order to recapitulate the main results of those investigations we consider thefollowing boundary value problem:y00(t)� A1(t)t y0(t)� A0(t)t2 y(t) = f(t); 0 < t � 1; (1a)BY (0) = 0; B0Y (0) +B1Y (1) = �; Y (t) = (y(t); y0(t))T ; (1b)where y and f are vector-valued functions of dimension n; A0 and A1 are n � n matrices,B; B0 and B1 are constant matrices, such that B is a q � 2n matrix and B0; B1 are p � 2nmatrices, with q + p = 2n; and �nally, � is a p vector.1.1 Analytical results for boundary value problemsAnalytical properties of (1) have been studied in [2]. Here, we recapitulate main resultsconcerning the existence of a unique bounded solution of (1a) and characterize the boundaryconditions such a solution satis�es. For proofs and further details, cf. [2].We apply the linear transformationz(t) = (z1(t); z2(t))T := (y(t); ty0(t))T (2)to derive the �rst order system associated with (1a). This system readsz0(t) = 1t M(t)z(t) + t �f(t); 0 < t � 1; (3)where M(t) :=  0 InA0(t) In +A1(t) ! ; �f(t) :=  0f(t) ! :We denote by In the n� n identity matrix.Let us assume that all entries ofA0 andA1 are functions which are continuously di�erentiable1on [0; 1], A0; A1 2 C1 := C1[0; 1]: Then using Taylor's theorem we can rewrite A0(t) andA1(t) and obtain A0(t) = A0(0) + tC0(t); (4a)A1(t) = A1(0) + tC1(t); (4b)where C0 and C1 2 C[0; 1]: Substitution of (4) into (3) impliesz0(t) = 1tM(0)z(t)+ �C(t)z(t) + t �f(t); 0 < t � 1; (5)with M :=M(0) =  0 InA0(0) In +A1(0) ! ; �C(t) :=  0 0C0(t) C1(t) ! :1More general, we denote by Cp := Cp[0; 1] the space of functions which are p times continuously di�er-entiable on [0; 1]: 2



As a �rst step in the analysis of (1a) we construct a general solution of (3) for the case ofconstant coe�cient matrices A0(t) � A0 and A1(t) � A1; or equivalently, for the �rst ordersystem z0(t) = 1tMz(t) + t �f(t); 0 < t � 1: (6)The general solution of (6) is given byz(t) = tMc+ tM tZ1 s�M s �f(s) ds;where �(t) = tM := exp(M ln(t));and �(t) is the fundamental solution matrix of the homogeneous problemV 0(t) = 1tMV (t); V (1) = I2n:Consequently, the solution z of (6) satis�es the terminal conditionz(1) = c; c 2 IR2n;for any vector c: It is easily seen that in general, z is unbounded as t ! 0; more precisely,z 2 C1(0; 1]: To see this we decompose the matrix M into its Jordan canonical form, M :=E�1JE; where E is the matrix of generalized eigenvectors of M: Then,tM = E�1tJE := E�1 exp(J ln(t))E = E�1 1Xn=0 1n!(J ln(t))nE:Let us assume that J consists of one Jordan block of dimension k;J = 0BBBB@ � 1 0. . . . . .� 10 � 1CCCCA ; � 2 IR;then tJ = t�0BBBBBBBBBB@ 1 ln t (ln t)22! : : : (ln t)k�1(k�1)!0 1 ln t . . . (ln t)k�2(k�2)!0 0 1 . . . (ln t)k�3(k�3)!... : : : : : : . . . ...0 : : : : : : 0 1 1CCCCCCCCCCA ; � 2 IR;and the elements of tJ become unbounded2 for � � 0 and t! 0:2For simplicity, we assume that all eigenvalues of M are real. All results can be easily generalized for thecase when the eigenvalues of M are complex, see [2]. 3



We now formulate the necessary conditions for z to be continuous on [0; 1]:Let X0 be the eigenspace of M corresponding to the eigenvalue � = 0 and X+ be theinvariant subspace associated with positive eigenvalues of M: Let �+ be the smallest positiveeigenvalue, d+ be the dimension of the largest Jordan block of M associated with �+; andd0 be the dimension of the largest Jordan block of M associated with the eigenvalue � = 0:Finally, let P be a projection onto X0LX+;P := R + S;where R and S are the projections onto X0 and X+; respectively, andQ := I2n � P:We now have following results3 for z:Let z 2 C be a solution of (6) with f 2 C: ThenQz(0) = 0 and Sz(0) = 0:For every f 2 C and a constant vector 
; there exists a unique solution z 2 C; satisfying (6)and the terminal condition Pz(1) = P
: This solution has the formz(t) = (tMP )P
 + tM tZ1 Ps�Ms �f(s) ds+ t2 1Z0 Qs�Ms �f(ts) ds: (7)The corresponding result for the solution y of (1a) with constant coe�cient matrices A0 andA1 reads:For every f 2 C and a constant vector 
; there exists a unique solution y 2 C satisfying theterminal condition PY (1) = P
:This solution is given by the �rst n components of z;y(t) = z1(t):Using the representation (7) and Banach's �xpoint theorem one can show the analogousresult for the solution z of (5):For every f 2 C and C0; C1 2 C; there exists a unique continuous solution of (5) subject tothe terminal condition Pz(1) = P
:This solution satis�es Qz(0) = 0: (8)3For proofs, see [2] 4



Clearly, the solution of (1a) is given again by y(t) = z1(t): This solution satis�es the boundaryvalue problem (1) if q := rankQ initial conditions given by BY (0) = 0 are equivalent toQz(0) = 0 and imply that y is in C[0; 1]:Moreover, p := rankP conditions given by B0Y (0)+B1Y (1) = � have to provide p lineraly independent equations for the unknown vector ~P
;where ~P is the p � 2n matrix, consisting of the linearly independent rows of P:Finally, let us show that for y 2 C2 the initial condition Qz(0) = 0 implieslimt!0 �y00(t)� A1t y0(t)� A0t2 y(t)� <1:Using Taylor's theorem we rewrite (1a) and obtainy00(t)� A1t �y0(0) + ty00(�)�� A0t2 �y(0) + ty0(0) + t22 y00(�)�where 0 < �; � < t: For t! 0 this yieldslimt!0  y00(t)� A1t �y0(0) + ty00(�)�� A0t2 �y(0) + ty0(0) + t22 y00(�)�!= (In �A1 �A0=2)y00(0) <1; (9)if (A1 +A0)y0(0) = 0; A0y(0) = 0: (10)Conditions (10) now follow if (8) holds, since in this case z(0) = Rz(0) and z0(0) = Uz0(0);where U is a projection on the eigenspace ofM associated with the possible eigenvalue � = 1:Consequently, this impliesMz(0) = MRz(0) = 0, z2(0) = 0; A0z1(0) = A0y(0) = 0;Mz0(0) = MUz0(0) = z0(0), z1(0) = z1(0); (A0 +A1)y0(0) = 0:This result holds also for the case that � = 0 or/and � = 1 are not eigenvalues of Mand consequently, R = 0 or/and U = 0: In case of variable coe�cient matrices A0(t) =A0(0) + t2C0(t) and A1(t) = A1(0) + tC1(t); where C0; C1 2 C the same result holds withA0 := A0(0) and A1 := A1(0): This structure of A0(t) and A1(t) is motivated by the form ofthe Fr�echet derivative of the nonlinear operatorD[y; y0](t) := y00(t)� A1t y0(t)� A0t2 y(t)� f(t; y(t); y0(t)):1.2 Collocation schemesIn this section we give a brief overview of results on stability and convergence of a collocationmethod when applied to approximate the solution of (1). Detailed examinations and proofscan be found in [6]. 5



Let us consider the equidistant partition of the interval [0; 1] with the stepsize h;�h := �ti = ih; i = 0(1)N; h = 1N � ;where i = 0(1)N is a compact notation for i = 0; 1; : : : ; N � 1; N: On each subinterval[ti; ti+1]; i = 0(1)(N � 1) we de�ne the collocation points tik := ti + �kh; k = 1(1)m; byintroducing constants 0 < �1 < : : : < �m � 1: We denote by IPm+1;� a class of functionswhose elements are piecewise continuous on [0; 1] and which are polynomials of degree equalto m+ 1 in each subintervall [ti; ti+1]; i = 0(1)(N � 1):We appoximate y by a function p 2 IPm+1;� \C1[0; 1] satisfying the following collocationequations: p00(tik)� A1(tik)tik p0(tik)� A0(tik)t2ik p(tik) = f(tik) (11a)with i = 0(1)(N � 1); k = 1(1)m; and the boundary conditionsB0P (0) +B1P (1) = �; P (t) = (p(t); p0(t))T ; (11b)BP (0) = 0: (11c)We now formulate the stability and convergence properties of the collocation scheme.Let the homogeneous boundary value problem (1) be uniquely solvable for any f 2 C;A1 2C1; A0 2 C2 and � 2 IRp: Then, if h is su�ciently small, there exists a unique solutionp 2 IPm+1;� \C1 of (11a,11b) with BP (0) = �; � 2 IRq and the following estimate holds:jp(i)(t)j � const fj�j j lnhjd0�1 + j�j+ jf(�)jg; i = 0; 1;where f(�) := (f(t0); f(t1); : : : ; f(tN ))T ; andjy(t)j = j(y1(t); : : : ; yN (t))T j := maxfjy1(t)j; : : : ; jyN(t)jg;for a vector depending on t:Let f 2 Cm; A1 2 Cm+1; A0 2 Cm+2: Let y 2 C1[0; 1] \ Cm+2(0; 1] and p 2 IPm+1;� \C1 bethe unique solution of (1) and (11), respectively. Then, for h su�ciently small, the followingestimates hold:jy(i)(t)� p(i)(t)j � 8>>><>>>: const h�+ j lnhjd+�1; 1 < �+ < m;const hmj lnhjd+�1; m � �+ < m+ 2;const hmj lnhjd+ ; �+ = m+ 2;const hm; �+ > m+ 2;for 0 � t � 1; i = 0; 1: Furthermore, if y 2 Cm+2; then4jy(i)(t)� p(i)(t)j � const hm; 0 � t � 1; i = 0; 1:4Clearly, for y 2 Cm+2 it is su�cient thatM (0) has no positive eigenvalues, or the only positive eigenvaluesare natural numbers and the associated Jordan blocks are diagonal.6



It is well-known that a suitable choice of the collocation points �1; : : : ; �m leads to theso-called superconvergence of the scheme at the gridpoints ti; i = 0(1)N: If1Z0 skw(s) ds = 0; k = 0(1)�; � < m;where w(s) := (s � �1) : : : (s � �m) holds and the solution y is smooth enough, then thefollowing error estimate holds:jy(l)(ti)� p(l)(ti)j � const hm+�+1; i = 0(1)N; l = 0; 1:For the singular case we have:Let f;C1 2 Cm+1; C0 2 Cm+2 and �+ > m + 3: Let y 2 Cm+3 and p 2 IPm+1;� \C1 besolutions of (1) and (11), respectively. Then the estimatejy(i)(t)� p(i)(t)j � const hm+1; 0 � t � 1; i = 0; 1;holds. In general, this result cannot be improved.To see this let us consider a special model problem5 of the formy00(t)� A1(t)t y0(t)� A0(t)t2 y(t) = f(t); 0 < t � 1; (12a)y(0) = 0; B1Y (1) = �; (12b)A1(t) = A1 + tC1(t); A0(t) = A0 + t2C0(t); (12c)where A1 and A0 are diagonal, A0�A1 = 2In and the elements of A0 are integers a0;i � 1; i =1(1)n: This means that the eigenvalues ofM(0) are �1i = �1; i = 1(1)n; �2i = a0;i; i = 1(1)n:Let f;C1 and C0 2 Cm+�+1; � � 1; let B1 be an n � 2n matrix with rankB1 = n and� 2 IRn: In this case q = p = n: Furthermore, let the Jordan matrix J be diagonal and set� := mini a0;i: Then the following result holds:If y 2 Cm+�+3 is a unique solution of (12) and p 2 IPm+1;� \C1 its approximation de�nedby the associated collocation scheme (11), thenjy(ti)� p(ti)j � const hm+�+1((ti + h)1�� + t�i ); i = 0(1)n;jy0(ti)� p0(ti)j � const hm+�+1((ti + h)�� + t��1i ); i = 0(1)n:This result means that near to the singularity the superconvergence order cannot be guar-anteed, in general.1.3 Finite di�erence methodsIn this section we discuss stability and convergence of a certain �nite di�erence scheme whenused to approximate the solution of (1). For details see [3].5The form and the data of this model are typical for applications from mechanics.7



On the equidistant grid with the stepsize h; de�ned in the last section, the standard three-point discretization for (1) readsyi+1 � 2yi + yi�1h2 � A1(ti)ti yi+1 � yi�12h � A0(ti)t2i yi = f(ti); (13a)for i = 1(1)(N � 1); BY0 = 0; B0Y0 +B1YN = �; (13b)where Y0 := (y0; y00)T ; YN := (yN ; y0N)T : By y00; y0N we denote the approximations for y0(0)and y0(1); respectively.To approximate y0(1) we choose y0N := (yN+1�yN�1)=2h and complete the di�erence scheme(13a) by one more equation for i = N: The choice of y00 is not that simple, because we cannotinclude the point t�1 = �h into the scheme. However, we can remedy the situation if thesolution y is smooth enough.Let y 2 C3: Then (y(h)� y(0))=h = y0(0) + h2y00(0) +O(h2):We now obtain from (9)A(0)y00(0) := (In �A1(0) �A0(0)=2)y00(0) = f(0)and consequently, if A(0)�1 exists, the natural approximation for y0(0) isy00 := (y1 � y0)=h� hA(0)�1f(0)=2:If the last expression is not well-de�ned, another approximation must be taken. For instance,y00 := (�y2 + 4y1 � 3y0)=2h:Both approximations y00 for y0(0) are O(h2) formulas if y 2 C3:We now formulate the stability and convergence results.If the homogenous boundary problem (1) has only the trivial solution, then, for each ti? =:" > 0; there exists a stepsize h(") > 0 such that, for every h � h("); the system (13a) subjectto the boundary conditions BYi? = �; B0Yi? +B1YN = �; (14)has a unique solution for each f and the following estimate holds:jy�i? j � const fj�j j lnhjd0�1 + j�j+ jf(�i?)jg;where y�i? := (yi?; yi?+1; : : : ; yN)T and f(�i?) := (f(ti?); f(ti?+1); : : : ; f(tN))T :8



Let y�i? be a solution of (13a) subject to the boundary conditions (14). For f;C1 2 C2; C0 2C3; and for a su�ciently small stepsize h the following estimate for the global error holds:jy�i? � y(�i?)j � 8><>: const h�+ j lnhjd+�1; 0 < �+ < 2;const h2fj lnhjd+ + j lnhjd0�1g; �+ = 2;const h2j lnhjd0�1; �+ > 2 or S = 0:Here, an additional remark is in place. The stability and convergence results di�er from theclassical ones, since they hold on a part of the grid �i?, namely for points ti; i � i?, only. Itis important to mention that the restriction i � i?, where i? depends merely on the problemdata, is su�cient but not necessary for a stability result to follow. Moreover, for h chosenappriopriately small we can choose ti? arbitrarily close to zero. In practice this restrictionhas not caused di�culties yet, and the method performed well6 for i? = 0.2 Analytical Results for Initial Value ProblemsThe experimental results reported in Section 3 on the convergence behavior of multistepmethods have been obtained for scalar initial value problems with constant coe�cients.The basic analytical properties of singular problems for initial value problems have not beenstudied yet, so some remarks on existence, smoothness and uniqueness of solutions for suchproblems have to be made. They can be derived using techniques developed for boundaryvalue problems in Section 1.We restrict our attention to typical model cases, serving as test problems in Section 3. Weconsider the following scalar di�erential equation of second order, subject to initial conditionsor terminal conditions, respectively:y00(t)� a1t y0(t)� a0t2 y(t) = f(t); 0 < t � 1; (15a)y(0) = �; y0(0) = �; (15b)y(1) = �; y0(1) = �; (15c)where a0 and a1 are real numbers and f 2 Cm[0; 1]; m � 0: We �rst construct the generalsolution of (15a) and derive conditions for (15a,15b) and (15a,15c) to have a unique smoothsolution. It turns out that the values � and � have to be chosen in a proper way to ensure thesolution y to be continuous on the whole interval [0; 1]:We use the linear transformation (2),z(t) = (z1(t); z2(t))T := (y(t); ty0(t))T ; in order to obtain the associated �rst order di�erentialequation for z; z0(t) = 1t Mz(t) + t �f(t); 0 < t � 1; (16)where M :=  0 1a0 1 + a1 ! ; �f(t) :=  0f(t) ! : (17)6Also for linear and nonlinear systems. 9



Let J be the Jordan canonical form of the matrix M and E the matrix of generalizedeigenvectors ofM: ThenM can be represented in the formM = EJE�1 and the substitutionv(t) := E�1z(t); �g(t) := E�1 �f(t) leads to the following system for v :v0(t) = 1t Jv(t) + t �g(t): (18)2.1 General solution of the homogeneous problemThe fundamental solution matrix of the homogeneous problemV 0(t) = 1t JV (t); V (1) = I2is given by V (t) = tJ : Let us assume that M has two real eigenvalues �1 and �2: For �1 6= �2we obtain J =  �1 00 �2 ! ) tJ =  t�1 00 t�2 ! ;and for7 �1 = �2 = �; J =  � 10 � ! ) tJ = t� 1 ln t0 1 !holds. Finally, for an arbitrary vector c 2 IR2 the general solution vh of the homogeneousproblem (18) has the form vh(t) = tJc: This means that the general solution yh of thehomogeneous equation (15a) readsyh(t) = z1(t) = (Evh(t))1 = ( c1t�1 + c2t�2; if �1 6= �2;c1t� + c2t� ln t; if �1 = �2 = �;with two real constants c1 and c2:2.2 Particular solution of the inhomogeneous problemWe now use the fundamental solution matrix to represent a particular solution vp of theinhomogeneous problem (18) and take again the �rst component of Evp to obtain the solutionyp of (15a): vp(t) = tJ tZ1 s�Js �g(s) ds; vp(1) = 0: (19)We show that for f 2 C[0; 1] we can always construct vp 2 C[0; 1] and consequentlyyp 2 C[0; 1]:7In the scalar case, if M has a double eigenvalue �; then there exists only one eigenvector associated with� and therefore the matrix J cannot be diagonal. 10



Case 1. The eigenvalues of M are nonpositiveIn this case we rewrite (19) and obtainvp(t) = tJ tZ1 s�JsE�1 �f(s) ds= tJ 0@ 0Z1 s�JsE�1 �f(s) ds + tZ0 s�JsE�1 �f(s) ds1A= tJ
 + tJ tZ0 s�JsE�1 �f(s) ds:We treat the term tJ
 as a contribution to the general solution vh(t) of the homogeneousproblem and choose the integral expression for vp(t);vp(t) = t2 1Z0 s�JsE�1 �f(ts) ds: (20)We substitute (20) into (18) to deducev0p(t) = Jt 1Z0 s�JsE�1 �f(ts) ds+ tE�1 �f(t): (21)We denote by jA(t)j the in�nity norm for a matrix A(t) 2 IR2�2 depending on t;jA(t)j := kA(t)k1;and by kyk1 the in�nity norm for a vector-valued function y;kyk1 := max0�t�1 jy(t)j:For vp(t) we now have jvp(t)j � const t2 kfk1and jv0p(t)j � const t kfk1:Moreover, vp(t) 2 C2[0; 1]; vp(0) = v0p(0) = 0:This means that if the right-hand side f is continuous and the matrix M has nonpositivereal eigenvalues it is always possible to construct a particular solution yp(t) = (Evp(t))1 of(15a) which is in C2[0; 1] and satis�es yp(0) = y0p(0) = 0: Clearly, the general solution of(15a) is y(t) = yp(t) + yh(t) = yp(t) + ( c1t�1 + c2t�2; if �1 6= �2;c1t� + c2t� ln t; if �1 = �2 = �: (22)11



Boundary conditions: It is clear from (22) that in general y 2 C2(0; 1] only. The followinglist provides su�cient conditions for y 2 C2[0; 1] and consequently, for y to be bounded onthe whole interval [0; 1] :�1 < �2 < 0 : y(0) = y0(0) = 0 ) y(t) = yp(t);�1 = �2 < 0 : y(0) = y0(0) = 0 ) y(t) = yp(t);�1 < �2 = 0 : y(0) = �; y0(0) = 0 ) y(t) = � + yp(t);�1 = �2 = 0 : y(0) = �; y0(0) = 0 ) y(t) = � + yp(t):Case 2. The eigenvalues of M are positiveWe use (19) to derive the estimate for vp(t): Clearly,jvp(t)j � tZ1 ������ ts�J ����� s dskE�1k1kfk1: (23)Case 2.1. 0 < �1 < �2 : It follows from (23) thatjvp(t)j � 8><>: const t�1jt��1+2 � 1jkfk1 = const jt2 � t�1jkfk1; �1 6= 2;const t2j ln t� 1jkfk1 = const jt2 ln t� t2jkfk1; �1 = 2;and consequently, jvp(t)j � 8>>>>>><>>>>>>: const t�1kfk1; �1 < 2;const t2(1 + j ln tj)kfk1; �1 = 2;const t2kfk1; �1 > 2:Case 2.2. � = �1 = �2 : Again, from (23) we obtainjvp(t)j � 8>>>>>><>>>>>>: const t�(1 + j ln tj)kfk1; � < 2;const t2(1 + j ln tj2)kfk1; � = 2;const t2kfk1; � > 2:Also, in both cases vp 2 C[0; 1] and vp(0) = 0 holds.This means that if f 2 C[0; 1] and the eigenvalues of M are positive the solution vp(t); givenby (19) is continuous on [0; 1] and therefore the particular solution yp(t) = (Evp(t))1 of (15a)is continuous on [0; 1]: Clearly the general solution of (15a) isy(t) = yp(t) + yh(t) = yp(t) + ( c1t�1 + c2t�2; �1 6= �2;c1t� + c2t� ln t; � = �1 = �2: (24)12



Boundary conditions: Fromz(t) =  y(t)ty0(t) ! = tMz(1) + Evp(t)we immediately see that the unique bounded solution of (15a,15c) isy(t) = z1(t) =  tM  �� !+ Evp(t)!1 : (25)To see that y satis�es the terminal conditions (15c) we evaluate (25) for t = 1 and obtainy(1) =  �� !1 = �:According to (16), y0(t) = z01(t) =  1tM  tM  �� !+ Evp(t)!+ t �f(t)!1holds, the evaluation for t = 1 impliesy0(1) =   0 1a0 1 + a1 ! �� !!1 = �:Finally, we formulate smoothness properties for y: It can be easily seen from the form of ythat the following result holds:In case of simple eigenvalues, y 2 C1[0; 1] for �1 � 1 and y 2 C2[0; 1] for �1 � 2: If � is atwofold eigenvalue of M; then y 2 C1[0; 1] for � > 1 and y 2 C2[0; 1] for � > 2:The results presented in Section 2 can now be summarized as follows:Let �1 � �2 < 0: Then, for every f 2 Cm[0; 1]; there exists a unique solution y 2 C[0; 1] of(15a,15b) if � = � = 0: This solution satis�es y 2 Cm+2[0; 1]:Let �1 � �2 = 0: Then, for every f 2 Cm[0; 1] and � 2 IR; there exists a unique solutiony 2 C[0; 1] of (15a,15b) if � = 0: This solution satis�es y 2 Cm+2[0; 1]:Let 0 < �1 � �2: Then, for every f 2 Cm[0; 1] and �; � 2 IR; there exists a unique solutiony 2 C[0; 1] of (15a,15c). This solution satis�es y 2 Cm+2[0; 1] if �1 > m+ 2; y 2 Cm+1[0; 1]if �1 > m+ 1 and y 2 Cm[0; 1] if �1 > m:3 Multistep MethodsWe present now the experimental results showing how standard multistep methods performwhen applied to solve numerically the following scalar problem:y00(t)� a1t y0(t)� a0t2 y(t) = f(t); 0 < t � 1; (26a)13



subject to either initial conditionsy(0) = �; y0(0) = �; (26b)or �nal conditions y(1) = �; y0(1) = �; (26c)whose solution y is assumed to be unique and smooth.De Hoog and Weiss have shown in [1] that in case of singular problems of the �rst order theroot condition is no longer su�cient for the stability of the linear multistep methods. Weused an experimental approach to �nd out about the stability and convergence propertiesof multistep methods and to provide the basis for the theoretical investigation to follow.Especially, we were interested to �nd out how the eigenvalues of the matrix M and thesmoothness of y in
uence the performance of the methods.Let us again consider the equidistant grid �h with the stepsize h; and the intitial valueproblem y00(t) = g(t; y(t); y0(t)); 0 < t � 1;y(0) = �; y0(0) = �:In order to solve this problem numerically we use, see [8], the explicit Adams-Bashforthformula. For j = 0(1)(n � 2) we haveyj+2 = yj+1 + hy0j+1 + h26 (�gj + 4gj+1);y0j+2 = y0j+1 + h2 (�gj + 3gj+1);y0 = �; y1 = �1;y00 = �; y01 = �1;where the starting values �1 and �1 are obtained from an appropriate one-step method andgj = g(tj; yj; y0j):We also use the implicit Adams-Moulton formula; j = 0(1)(n� 1) :yj+1 = yj + hy0j + h26 (2gj + gj+1);y0j+1 = y0j + h2 (gj + gj+1);y0 = �;y00 = �:For smooth initial value problems without singularity these procedures are stable secondorder methods.8 Additionally, the corresponding third order methods have been considered.8Provided that the starting values y1 = �1 and y01 = �1 are O(h2) approximations for y(t1) and y0(t1);respectively. 14



4 Experimental ResultsThe solutions of around 2000 test problems have been computed. In most cases the methodsperformed well showing the classical behavior. In certain cases though, the classical conver-gence order has not been observed. Here we show results typically observed while solvingsingular problems and formulate open questions to be answered in the course of theoreticalstudy.We investigate models of the formy00(t) = �1 + �2 � 1t y0(t)� �1�2t2 y(t) + f(t); 0 < t � 1;where �1 and �2 are the eigenvalues of the matrix M: All computations were carried out onan Intel 80486 DX2 machine in double precision.9In tables we present the estimates for the order p of the method and the error constant cobtained in the following way:Let us denote by yn(h) the approximation for y(1) obtained on an equidistant grid with thestepsize h and assume that the global error � at t = 1 can be written in the formy(1)� yn(h) � c hp: (27)We calculate two di�erent approximations yn(h1) and yn(h2) with di�erent stepsizes h1 andh2 and have y(1)� yn(h1) � c hp1and y(1)� yn(h2) � c hp2:Consequently, p � ln� jy(1)�yn(h1)jjy(1)�yn(h2)j�ln� jh1jjh2j�and c � y(1)� yn(h1)hp1 :The stepsizes h1 > h2 are chosen to satisfy h1h2 2 IIN:When integrating from t = 1 towards t = 0 and using an implicit method, we choose apoint 0 < h� < 1; close to the singularity, to monitor the global error and to estimate theorder of convergence. We calculate two di�erent approximations yn�j1(h1) and yn�j2(h2)with di�erent stepsizes h1 and h2; which satisfy h1j1 = h2j2 = h�: Thus we havey(h�)� yn�j(h) � c hpinstead of (27), where hj = h�: If explicit methods are used then h� = 0:9Relative machine accuracy 10�16: 15



4.1 Example 1: �1 < �2 = 0The initial value problem under consideration readsy00(t) = �1 � 1t y0(t) + (49 � 7�1)t5; 0 < t � 1;y(0) = 0; y0(0) = 0:Independently of the choice of �1 the exact solution10 is y(t) = t7: Moreover, �1 = �1;�5and �10:For this singular problem all formulas retain their classical convergence orders. Order two orthree, respectively, is observed independently of the magnitude of the eigenvalue �1 and theerror constants remain moderately sized. In Table 1 convergence orders and error constantsfor the Adams-Moulton method are listed.h p(�1;0) c(�1;0) p(�5;0) c(�5;0) p(�10;0) c(�10;0)1=5 2:0542 �2:6 � 10+00 2:0985 �1:8 � 10+00 2:1558 �1:3 � 10+001=5 � 2�1 2:0142 �2:4 � 10+00 2:0264 �1:5 � 10+00 2:0429 �1:0 � 10+001=5 � 2�2 2:0035 �2:3 � 10+00 2:0067 �1:4 � 10+00 2:0110 �9:7 � 10+001=5 � 2�3 2:0009 �2:3 � 10+00 2:0016 �1:4 � 10+00 2:0027 �9:4 � 10+001=5 � 2�4 2:0002 �2:3 � 10+00 2:0004 �1:4 � 10+00 2:0006 �9:3 � 10+001=5 � 2�5 2:0000 �2:3 � 10+00 2:0001 �1:4 � 10+00 2:0001 �9:3 � 10+001=5 � 2�6 2:0000 �2:3 � 10+00 2:0000 �1:4 � 10+00 2:0000 �9:3 � 10+001=5 � 2�7 2:0000 �2:3 � 10+00 2:0000 �1:4 � 10+00 2:0000 �9:3 � 10+001=5 � 2�8 2:0000 �2:3 � 10+00 2:0000 �1:4 � 10+00 2:0000 �9:3 � 10+001=5 � 2�9 1:9999 �2:3 � 10+00 1:9999 �1:3 � 10+00 1:9999 �9:3 � 10+001=5 � 2�10 1:9999 �2:3 � 10+00 1:9999 �1:3 � 10+00 1:9998 �9:3 � 10+001=5 � 2�11 2:0003 �2:3 � 10+00 2:0006 �1:4 � 10+00 2:0010 �9:4 � 10+001=5 � 2�12 2:0026 �2:3 � 10+00 2:0048 �1:4 � 10+00 2:0076 �1:0 � 10+001=5 � 2�13 1:9795 �1:8 � 10+00 1:9600 �9:1 � 10+00 1:9350 �4:6 � 10+001=5 � 2�14 1:8373 �3:7 � 10+00 1:7254 �6:4 � 10�01 1:5970 �1:0 � 10�02Table 1: Convergence of the Adams-Moulton method; �1 = �1;�5;�10; �2 = 0:This example is representative for all models with eigenvalues �1; �2 � 0: Figure 1 shows theconvergence orders for �10 � �1; �2 � 0: For �1 � �2 the convergence order slightly drops.10In this case the general solution if the homogeneous problem is trivial.16



Figure 1: Convergence orders of the Adams-Bashforth method.4.2 Example 2.1: �2 > �1 > 0Here we discuss the problemy00(t) = �1 + �2 � 1t y0(t)� �1�2t2 y(t); 0 < t � 1;y(1) = 2; y0(1) = �1 + �2:Its exact solution is y(t) = t�1 + t�2; where �1 = 1 and �2 = 3; 5:Tables 2 to 5 show the absolute errors and convergence orders for the Adams-Bashforthformula for this case. For �2 = 3 the convergence is faster than in classical case, which maybe explained by a simple solution structure. For �2 = 5 classical results, similar to those inExample 1, can be observed. The same holds for �1 = �2 > 0 and �1 > �2 = 0:A surprising result is a very fast convergence in the case �2 = 5 and h� = 0:
17



h �(1;3) p(1;3) c(1;3) �(1;5) p(1;5) c(1;5)1=5 � 2�1 1:7 � 10�04 3:096 �2:1 � 10�01 3:6 � 10�02 1:551 1:3 � 10�011=5 � 2�2 2:0 � 10�05 3:051 �1:8 � 10�01 1:2 � 10�03 1:844 3:1 � 10�011=5 � 2�3 2:4 � 10�06 3:026 �1:7 � 10�01 3:5 � 10�03 1:932 4:3 � 10+001=5 � 2�4 2:9 � 10�07 3:013 �1:6 � 10�01 9:1 � 10�04 1:968 5:1 � 10+001=5 � 2�5 3:6 � 10�07 3:006 �1:5 � 10�01 2:3 � 10�05 1:984 5:5 � 10+001=5 � 2�6 4:5 � 10�08 3:003 �1:5 � 10�01 5:9 � 10�05 1:992 5:8 � 10+001=5 � 2�7 5:7 � 10�09 3:001 �1:5 � 10�01 1:4 � 10�06 1:996 5:9 � 10+001=5 � 2�8 7:1 � 10�10 2:996 �1:4 � 10�01 3:7 � 10�06 1:998 6:0 � 10+001=5 � 2�9 8:9 � 10�11 3:100 �3:2 � 10+00 9:3 � 10�07 1:999 6:0 � 10+001=5 � 2�10 1:0 � 10�12 4:970 �2:8 � 10+06 2:3 � 10�08 1:999 6:0 � 10+001=5 � 2�11 3:3 � 10�13 �3:150 �7:7 � 10�26 5:8 � 10�08 2:000 6:1 � 10+001=5 � 2�12 2:9 � 10�13 �0:598 �7:7 � 10�15 1:4 � 10�09 2:001 6:2 � 10+001=5 � 2�13 4:4 � 10�12 �1:297 �4:6 � 10�18 3:6 � 10�09 1:978 4:8 � 10+001=5 � 2�14 1:0 � 10�12 �0:671 5:5 � 10�15 9:2 � 10�10 1:900 2:0 � 10�011=5 � 2�15 1:7 � 10�12 �1:334 1:9 � 10�19 2:4 � 10�11 4:877 6:6 � 10+15Table 2: Convergence of the Adams-Bashforth method; �1 = 1; �2 = 3; 5; h� = 0:1:h �(1;3) p(1;3) c(1;3) �(1;5) p(1;5) c(1;5)1=5 � 2�3 6:0 � 10�06 3:026 �4:2 � 10�01 8:9 � 10�04 1:931 1:1 � 10�011=5 � 2�4 7:4 � 10�07 3:013 �4:0 � 10�01 2:3 � 10�05 1:968 1:3 � 10�011=5 � 2�5 9:2 � 10�08 3:006 �3:9 � 10�01 5:9 � 10�05 1:984 1:4 � 10�011=5 � 2�6 1:1 � 10�09 3:003 �3:8 � 10�01 1:5 � 10�06 1:992 1:4 � 10�011=5 � 2�7 1:4 � 10�10 2:999 �3:7 � 10�01 3:7 � 10�06 1:996 1:5 � 10�011=5 � 2�8 1:7 � 10�11 2:979 �3:2 � 10�01 9:5 � 10�07 1:998 1:5 � 10�011=5 � 2�9 2:2 � 10�12 3:565 �3:2 � 10+01 2:3 � 10�08 1:999 1:5 � 10�011=5 � 2�10 1:9 � 10�13 0:788 �1:6 � 10�10 5:9 � 10�08 1:999 1:5 � 10�011=5 � 2�11 1:1 � 10�13 �1:664 2:3 � 10�20 1:4 � 10�09 2:001 1:5 � 10�011=5 � 2�12 3:5 � 10�12 �0:745 �2:1 � 10�16 3:7 � 10�09 2:007 1:6 � 10�011=5 � 2�13 5:9 � 10�12 �1:231 �1:2 � 10�18 9:2 � 10�10 1:904 5:6 � 10�011=5 � 2�14 1:3 � 10�12 �0:762 2:4 � 10�16 2:4 � 10�11 1:584 1:5 � 10�031=5 � 2�15 2:3 � 10�12 �1:239 8:0 � 10�18 8:2 � 10�11 0:955 7:8 � 10�06Table 3: Convergence of the Adams-Bashforth method; �1 = 1; �2 = 3; 5; h� = 0:025:18



h �(1;3) p(1;3) c(1;3) �(1;5) p(1;5) c(1;5)1=5 � 2�5 2:3 � 10�09 3:006 �9:7 � 10�02 1:4 � 10�06 1:984 3:5 � 10�011=5 � 2�6 2:8 � 10�10 3:003 �9:6 � 10�02 3:7 � 10�06 1:992 3:7 � 10�011=5 � 2�7 3:5 � 10�10 2:993 �9:0 � 10�02 9:4 � 10�07 1:996 3:7 � 10�011=5 � 2�8 4:4 � 10�11 2:910 �4:9 � 10�02 2:3 � 10�08 1:998 3:8 � 10�011=5 � 2�9 5:9 � 10�12 4:755 �9:6 � 10+04 5:9 � 10�08 1:998 3:8 � 10�011=5 � 2�10 2:2 � 10�14 �2:741 1:5 � 10�24 1:4 � 10�09 1:999 3:8 � 10�011=5 � 2�11 1:4 � 10�13 �1:316 7:7 � 10�18 3:7 � 10�09 2:006 4:1 � 10�011=5 � 2�12 3:6 � 10�12 �0:769 �1:7 � 10�16 9:2 � 10�10 2:033 5:4 � 10�011=5 � 2�13 6:2 � 10�12 �1:224 �1:4 � 10�18 2:2 � 10�11 1:633 7:7 � 10�031=5 � 2�14 1:4 � 10�12 �0:773 2:3 � 10�16 7:2 � 10�11 0:873 1:4 � 10�071=5 � 2�15 2:5 � 10�12 �1:226 1:0 � 10�18 3:9 � 10�11 �0:479 1:2 � 10�14Table 4: Convergence of the Adams-Bashforth method; �1 = 1; �2 = 3; 5; h� = 0:00625:h �(1;3) p(1;3) c(1;3) �(1;5) p(1;5) c(1;5)1=5 2:1 � 10�03 14:109 �1:5 � 10+07 1:4 � 10�01 7:507 2:6 � 10+041=5 � 2�1 1:2 � 10�07 28:498 3:7 � 10+22 8:1 � 10�03 9:815 5:3 � 10+071=5 � 2�2 3:1 � 10�15 �0:934 1:9 � 10�17 9:0 � 10�06 4:982 �2:7 � 10+001=5 � 2�3 6:0 � 10�15 �1:266 5:6 � 10�17 2:8 � 10�08 4:995 �2:8 � 10+001=5 � 2�4 1:4 � 10�15 �0:782 �4:7 � 10�16 8:9 � 10�09 4:998 �2:9 � 10+001=5 � 2�5 2:5 � 10�15 �1:209 �5:4 � 10�17 2:8 � 10�11 5:009 �3:0 � 10+001=5 � 2�6 5:8 � 10�14 �0:785 6:2 � 10�16 8:7 � 10�12 5:645 �1:2 � 10+021=5 � 2�7 1:0 � 10�14 �1:225 3:6 � 10�17 1:7 � 10�14 �0:477 �7:9 � 10�151=5 � 2�8 2:3 � 10�14 �0:777 �8:9 � 10�16 2:4 � 10�14 �0:726 �1:3 � 10�161=5 � 2�9 4:0 � 10�13 �1:221 �2:7 � 10�18 4:0 � 10�13 �1:220 �2:7 � 10�181=5 � 2�10 9:3 � 10�13 �0:778 1:2 � 10�16 9:3 � 10�13 �0:778 1:2 � 10�161=5 � 2�11 1:6 � 10�13 �1:222 2:0 � 10�18 1:6 � 10�13 �1:222 2:0 � 10�181=5 � 2�12 3:7 � 10�12 �0:777 �1:6 � 10�16 3:7 � 10�12 �0:777 �1:6 � 10�161=5 � 2�13 6:4 � 10�12 �1:222 �1:4 � 10�18 6:4 � 10�12 �1:222 �1:4 � 10�181=5 � 2�14 1:4 � 10�12 �0:777 2:2 � 10�16 1:4 � 10�12 �0:777 2:2 � 10�161=5 � 2�15 2:5 � 10�12 �1:222 1:0 � 10�18 2:5 � 10�12 �1:222 1:0 � 10�18Table 5: Convergence of the Adams-Bashforth method; �1 = 1; �2 = 3; 5; h� = 0:
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4.3 Example 2.2: �2 > �1 > 0We investigate y00(t) = �1 + �2 � 1t y0(t)� �1�2t2 y(t) + f(t); 0 < t � 1;y(1) = 2 + e; y0(1) = �1 + �2 + 5e:Its exact solution is y(t) = t4et + t�1 + t�2; where �1 = 1 and �2 = 3; 5:Tables 6 to 8 show the absolute errors and convergence orders for the Adams-Moultonformula. Both the expected order of convergence, and the stabilization of the error constantshave been observed.h �(1;3) p(1;3) c(1;3) �(1;5) p(1;5) c(1;5)1=5 � 2�1 7:8 � 10�02 2:000 �7:8 � 10+00 5:2 � 10�02 1:997 �5:2 � 10+001=5 � 2�2 1:9 � 10�03 2:000 �7:8 � 10+00 1:3 � 10�03 1:999 �5:2 � 10+001=5 � 2�3 4:8 � 10�03 2:000 �7:8 � 10+00 3:2 � 10�03 1:999 �5:2 � 10+001=5 � 2�4 1:2 � 10�04 2:000 �7:8 � 10+00 8:2 � 10�04 1:999 �5:2 � 10+001=5 � 2�5 3:0 � 10�05 2:000 �7:8 � 10+00 2:0 � 10�05 1:999 �5:2 � 10+001=5 � 2�6 7:6 � 10�05 2:000 �7:8 � 10+00 5:1 � 10�05 1:999 �5:2 � 10+001=5 � 2�7 1:9 � 10�06 2:000 �7:8 � 10+00 1:2 � 10�06 1:999 �5:2 � 10+001=5 � 2�8 4:7 � 10�06 1:999 �7:8 � 10+00 3:2 � 10�06 1:999 �5:2 � 10+001=5 � 2�9 1:1 � 10�07 2:000 �7:8 � 10+00 8:0 � 10�07 2:000 �5:2 � 10+001=5 � 2�10 2:9 � 10�08 2:000 �7:8 � 10+00 2:0 � 10�08 2:000 �5:2 � 10+001=5 � 2�11 7:4 � 10�08 1:999 �7:8 � 10+00 5:0 � 10�08 1:999 �5:2 � 10+001=5 � 2�12 1:8 � 10�09 1:998 �7:7 � 10+00 1:2 � 10�09 1:998 �5:1 � 10+001=5 � 2�13 4:6 � 10�09 2:022 �9:9 � 10+00 3:1 � 10�10 2:019 �6:4 � 10+001=5 � 2�14 1:1 � 10�10 2:100 �2:3 � 10+00 7:7 � 10�10 2:107 �1:7 � 10+001=5 � 2�15 2:6 � 10�11 0:934 �1:9 � 10�06 1:7 � 10�11 1:056 �5:8 � 10�05Table 6: Convergence of the Adams-Moulton method; �1 = 1; �2 = 3; 5; h� = 0:1:This example is representative for all models with eigenvalues �1; �2 � 0 and h� > 0:
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h �(1;3) p(1;3) c(1;3) �(1;5) p(1;5) c(1;5)1=5 � 2�3 1:2 � 10�04 2:000 �2:0 � 10�01 8:3 � 10�04 1:999 �1:3 � 10�011=5 � 2�4 3:2 � 10�04 2:000 �2:0 � 10�01 2:0 � 10�05 1:999 �1:3 � 10�011=5 � 2�5 8:0 � 10�05 2:000 �2:0 � 10�01 5:2 � 10�05 1:999 �1:3 � 10�011=5 � 2�6 2:0 � 10�06 2:000 �2:0 � 10�01 1:3 � 10�06 1:999 �1:3 � 10�011=5 � 2�7 5:0 � 10�06 2:000 �2:0 � 10�01 3:2 � 10�06 1:999 �1:3 � 10�011=5 � 2�8 1:2 � 10�07 1:999 �2:0 � 10�01 8:1 � 10�07 1:999 �1:3 � 10�011=5 � 2�9 3:1 � 10�08 2:000 �2:0 � 10�01 2:0 � 10�08 2:000 �1:3 � 10�011=5 � 2�10 7:8 � 10�08 2:000 �2:0 � 10�01 5:1 � 10�08 2:000 �1:3 � 10�011=5 � 2�11 1:9 � 10�09 1:998 �2:0 � 10�01 1:2 � 10�09 1:998 �1:3 � 10�011=5 � 2�12 4:8 � 10�09 1:993 �1:9 � 10�01 3:2 � 10�09 1:991 �1:2 � 10�011=5 � 2�13 1:2 � 10�10 2:081 �4:9 � 10+00 8:0 � 10�10 2:111 �4:4 � 10+001=5 � 2�14 2:9 � 10�11 2:499 �5:5 � 10+02 1:8 � 10�11 2:805 �1:1 � 10+031=5 � 2�15 5:1 � 10�11 �0:653 �2:0 � 10�15 2:6 � 10�12 �1:321 �3:4 � 10�18Table 7: Convergence of the Adams-Moulton method; �1 = 1; �2 = 3; 5; h� = 0:025:h �(1;3) p(1;3) c(1;3) �(1;5) p(1;5) c(1;5)1=5 � 2�5 2:0 � 10�06 2:000 �5:1 � 10�01 1:3 � 10�06 1:999 �3:3 � 10�011=5 � 2�6 5:0 � 10�06 2:000 �5:1 � 10�01 3:2 � 10�06 1:999 �3:3 � 10�011=5 � 2�7 1:2 � 10�07 1:999 �5:1 � 10�01 8:2 � 10�07 1:999 �3:3 � 10�011=5 � 2�8 3:1 � 10�08 1:999 �5:1 � 10�01 2:0 � 10�08 1:999 �3:3 � 10�011=5 � 2�9 7:8 � 10�08 2:000 �5:1 � 10�01 5:1 � 10�08 2:000 �3:3 � 10�011=5 � 2�10 1:9 � 10�09 2:000 �5:1 � 10�01 1:2 � 10�09 2:000 �3:3 � 10�011=5 � 2�11 4:9 � 10�09 1:995 �4:9 � 10�01 3:2 � 10�09 1:992 �3:1 � 10�021=5 � 2�12 1:2 � 10�10 1:974 �4:0 � 10�01 8:0 � 10�10 1:962 �2:3 � 10�021=5 � 2�13 3:1 � 10�11 2:344 �2:0 � 10+00 2:0 � 10�11 2:542 �1:0 � 10+011=5 � 2�14 6:1 � 10�11 3:294 �9:5 � 10+05 3:5 � 10�11 1:498 �8:1 � 10�041=5 � 2�15 6:2 � 10�12 �3:370 1:6 � 10�30 1:2 � 10�12 �2:294 1:3 � 10�24Table 8: Convergence of the Adams-Moulton method; �1 = 1; �2 = 3; 5; h� = 0:00625:
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4.4 Example 3: � = �1 = �2 < 0We study now the model problemy00(t) = 2� � 1t y0(t)� �2t2 y(t) + f(t); 0 < t � 1;y(0) = 0; y0(0) = 0;where � = �1 = �2 = �1;�3;�5;�7;�10: In this case the only bounded solution ofthe homogeneous problem is zero and consequently, the solution y(t) is a particular so-lution of the inhomogeneous problem. For appropriate choices of f(t) we have y(t) =t2et; t4; t4et; t7; t7et; t12: Note that we have ordered the sequence after the increasing orderof t = 0 as a zero of y(t):Table 9 lists the observed convergence orders p of the Adams-Moulton second order formulafor varying � and y(t): It turns out that the multiplicity of the singular point t = 0 as zero ofthe solution y(t) does not in
uence the convergence properties of the method in this rangeof �: � �1 �3 �5 �7 �10y(t) pt2et 1.999980 1.999981 1.999723 1.999603 1.999207t4 1.999982 1.999921 1.999801 1.999621 1.999233t4et 1.999991 1.999974 1.999942 1.999913 1.999841t7 1.999993 1.999986 1.999975 1.999962 1.999936t7et 1.999994 1.999990 1.999984 1.999976 1.999961t12 1.999997 1.999995 1.999993 1.999991 1.999987Table 9: Convergence of the Adams-Moulton method of second order.
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4.5 Example 4Here we compare two test problemsy00(t) = 2� � 1t y0(t)� �2t2 y(t) + f(t); 0 < t � 1;y(0) = 0; y0(0) = 0;where � = �1 = �2 = �1;�3;�5;�7;�10 and y(t) = t7; t12 andy00(t) = 2�� 1t y0(t)� �2t2 y(t); 0 < t � 1;y(1) = 1; y0(1) = 1 + �;where � = �1 = �2 = 8; 13 and y(t) = (1 + ln(t))t�:These problems show following similarities:� In both cases � is a twofold eigenvalue of M:� The integration is carried out in the direction the solution decays.� The solution pairs y(t) = t7; y(t) = (1 + ln(t))t8 and y(t) = t12; y(t) = (1 + ln(t))t13have the same properties concerning smoothness and the order of t = 0 as a zero ofy(t):Nevertheless, the problems are handled in a di�erent manner, see Table 10, where the per-formance of the Adams-Bashforth method is illustrated. For the integration towards t = 0;h� = 0:
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y(t) = t7 y(t) = (1 + ln(t))t8h �(�1;�1) p(�1;�1) c(�1;�1) �(8;8) p(8;8) c(8;8)1=5 1:8 � 10�01 1:509 2:0 � 10+00 7:7 � 10+04 �4:934 �2:7 � 10+001=5 � 2�1 6:4 � 10�01 1:717 3:3 � 10+01 2:3 � 10+05 2:995 2:3 � 10+081=5 � 2�2 1:9 � 10�02 1:850 5:0 � 10+01 2:9 � 10+04 32:011 1:3 � 10+461=5 � 2�3 5:4 � 10�02 1:923 6:5 � 10+01 6:8 � 10�05 32:603 1:1 � 10+471=5 � 2�4 1:4 � 10�03 1:961 7:7 � 10+01 1:0 � 10�15 5:219 �8:9 � 10�051=5 � 2�5 3:6 � 10�03 1:980 8:5 � 10+01 2:8 � 10�17 6:849 �3:5 � 10�011=5 � 2�6 9:3 � 10�04 1:990 9:0 � 10+01 2:4 � 10�19 7:489 �1:4 � 10+001=5 � 2�7 2:3 � 10�05 1:995 9:3 � 10+01 1:3 � 10�21 7:380 �6:9 � 10+001=5 � 2�8 5:9 � 10�05 1:997 9:5 � 10+01 8:1 � 10�23 11:620 1:0 � 10+131=5 � 2�9 1:4 � 10�06 1:998 9:6 � 10+01 2:5 � 10�27 7:578 �1:7 � 10�011=5 � 2�10 3:7 � 10�06 1:999 9:6 � 10+01 1:3 � 10�29 9:671 1:0 � 10+071=5 � 2�11 9:2 � 10�07 1:999 9:6 � 10+01 1:6 � 10�32 4:416 8:5 � 10�141=5 � 2�12 2:3 � 10�08 1:999 9:6 � 10+01 7:7 � 10�33 7:170 6:3 � 10�021=5 � 2�13 5:7 � 10�08 2:005 1:0 � 10+01 5:3 � 10�35 9:403 1:2 � 10+081=5 � 2�14 1:4 � 10�09 2:043 1:5 � 10+01 7:9 � 10�38 5:734 1:1 � 10�101=5 � 2�15 3:5 � 10�09 1:683 2:0 � 10�01 1:4 � 10�40 9:307 5:1 � 10+09y(t) = t12 y(t) = (1 + ln(t))t13h �(�1;�1) p(�1;�1) c(�1;�1) �(13;13) p(13;13) c(13;13)1=5 4:6 � 10+00 1:242 3:4 � 10+01 1:5 � 10+05 �11:534 �1:3 � 10�031=5 � 2�1 1:9 � 10�01 1:512 6:4 � 10+01 4:6 � 10+09 �9:3574 2:0 � 10�011=5 � 2�2 6:8 � 10�01 1:726 1:2 � 10+01 3:0 � 10+11 10:607 1:9 � 10+251=5 � 2�3 2:0 � 10�02 1:855 1:9 � 10+01 1:9 � 10+08 57:556 3:1 � 10+1011=5 � 2�4 5:7 � 10�02 1:925 2:6 � 10+01 9:2 � 10�09 11:863 3:4 � 10+141=5 � 2�5 1:5 � 10�03 1:962 3:2 � 10+02 2:4 � 10�13 11:094 7:0 � 10+121=5 � 2�6 3:8 � 10�03 1:981 3:5 � 10+02 1:1 � 10�16 16:723 8:8 � 10+261=5 � 2�7 9:8 � 10�04 1:990 3:7 � 10+02 1:0 � 10�21 12:247 2:4 � 10+131=5 � 2�8 2:4 � 10�05 1:995 3:9 � 10+02 2:1 � 10�25 12:676 �5:2 � 10+151=5 � 2�9 6:2 � 10�05 1:997 4:0 � 10+02 3:2 � 10�28 10:896 �4:5 � 10+091=5 � 2�10 1:5 � 10�06 1:998 4:0 � 10+02 1:7 � 10�32 12:072 �1:0 � 10+131=5 � 2�11 3:8 � 10�06 1:999 4:0 � 10+02 4:0 � 10�35 15:071 1:1 � 10+251=5 � 2�12 9:7 � 10�07 1:999 4:0 � 10+02 1:1 � 10�40 13:225 1:2 � 10+171=5 � 2�13 2:4 � 10�08 2:002 4:2 � 10+02 1:2 � 10�44 11:627 �5:1 � 10+101=5 � 2�14 6:0 � 10�08 2:020 5:1 � 10+02 3:8 � 10�47 13:053 �5:2 � 10+171=5 � 2�15 1:4 � 10�09 1:811 4:2 � 10+01 4:5 � 10�51 11:957 �1:0 � 10+11Table 10: The performance of the Adams-Bashforth formula of second order.24



h �(8;8) p(8;8) c(8;8) �(13;13) p(13;13) c(13;13)1=5 � 2�1 3:6 � 10+04 7:405 �9:2 � 10+11 3:1 � 10+06 �3:842 �4:4 � 10+031=5 � 2�2 2:1 � 10+01 30:547 1:1 � 10+41 4:4 � 10+08 19:122 3:3 � 10+331=5 � 2�3 1:3 � 10�08 1:503 3:5 � 10�05 7:8 � 10+02 44:173 4:6 � 10+731=5 � 2�4 4:8 � 10�08 1:771 1:1 � 10�05 3:9 � 10�11 3:732 �5:0 � 10�041=5 � 2�5 1:4 � 10�09 1:964 3:0 � 10�05 2:9 � 10�13 3:484 �1:4 � 10�051=5 � 2�6 3:6 � 10�09 2:006 3:8 � 10�04 2:6 � 10�14 2:880 �4:3 � 10�061=5 � 2�7 9:0 � 10�10 2:010 3:9 � 10�04 3:6 � 10�14 2:334 �1:2 � 10�081=5 � 2�8 2:2 � 10�11 2:007 3:8 � 10�04 7:1 � 10�15 2:094 �2:3 � 10�091=5 � 2�9 5:5 � 10�11 2:003 3:7 � 10�04 1:6 � 10�16 2:023 �1:3 � 10�091=5 � 2�10 1:3 � 10�12 2:002 3:7 � 10�04 4:1 � 10�16 2:005 �1:1 � 10�091=5 � 2�11 3:4 � 10�12 2:001 3:6 � 10�04 1:0 � 10�17 2:001 �1:0 � 10�091=5 � 2�12 8:6 � 10�13 2:000 3:6 � 10�04 2:5 � 10�18 2:000 �1:0 � 10�091=5 � 2�13 2:1 � 10�14 2:000 3:6 � 10�04 6:4 � 10�18 1:999 �1:0 � 10�091=5 � 2�14 5:4 � 10�14 2:002 3:7 � 10�04 1:6 � 10�19 1:998 �1:0 � 10�091=5 � 2�15 1:3 � 10�15 1:970 2:5 � 10�05 4:0 � 10�19 2:016 �1:3 � 10�09Table 11: The performance of the Adams-Bashforth formula of second order; h� = 0:1:h �(8;8) p(8;8) c(8;8) �(13;13) p(13;13) c(13;13)1=5 � 2�3 1:0 � 10�07 17:955 �6:1 � 10+22 1:3 � 10+06 63:081 �1:5 � 10+1071=5 � 2�4 4:1 � 10�12 �2:037 5:4 � 10�16 1:3 � 10�13 19:859 8:3 � 10+251=5 � 2�5 1:6 � 10�12 1:947 �3:3 � 10�07 1:4 � 10�19 5:815 �9:3 � 10�061=5 � 2�6 4:3 � 10�12 1:993 �4:3 � 10�07 2:5 � 10�21 �2:133 1:1 � 10�261=5 � 2�7 1:1 � 10�13 1:994 �4:3 � 10�07 1:1 � 10�20 1:707 �6:8 � 10�151=5 � 2�8 2:7 � 10�14 1:996 �4:4 � 10�07 3:3 � 10�20 1:948 �3:8 � 10�141=5 � 2�9 6:9 � 10�14 1:997 �4:4 � 10�07 8:7 � 10�21 1:992 �5:4 � 10�141=5 � 2�10 1:7 � 10�15 1:998 �4:5 � 10�07 2:1 � 10�22 2:000 �5:8 � 10�141=5 � 2�11 4:3 � 10�15 1:999 �4:5 � 10�07 5:4 � 10�22 2:001 �5:8 � 10�141=5 � 2�12 1:0 � 10�16 1:999 �4:5 � 10�07 1:3 � 10�23 2:001 �5:8 � 10�141=5 � 2�13 2:7 � 10�17 1:999 �4:5 � 10�07 3:4 � 10�23 2:000 �5:7 � 10�141=5 � 2�14 6:7 � 10�17 1:999 �4:5 � 10�07 8:5 � 10�24 2:000 �5:7 � 10�141=5 � 2�15 1:6 � 10�18 2:002 �4:7 � 10�07 2:1 � 10�25 2:000 �5:7 � 10�14Table 12: The performance of the Adams-Bashforth formula of second order; h� = 0:025:25



h �(8;8) p(8;8) c(8;8) �(13;13) p(13;13) c(13;13)1=5 � 2�5 1:4 � 10�15 4:338 5:2 � 10�05 1:6 � 10�15 16:610 �6:7 � 10+221=5 � 2�6 7:1 � 10�16 0:599 �2:2 � 10�15 1:6 � 10�20 21:538 1:5 � 10+341=5 � 2�7 4:7 � 10�16 1:709 �2:9 � 10�12 5:4 � 10�26 2:641 1:4 � 10�191=5 � 2�8 1:4 � 10�17 1:923 �1:3 � 10�11 8:7 � 10�27 1:872 5:7 � 10�211=5 � 2�9 3:8 � 10�17 1:979 �2:1 � 10�11 2:3 � 10�28 1:328 �8:0 � 10�231=5 � 2�10 9:6 � 10�18 1:994 �2:4 � 10�11 9:5 � 10�28 1:875 �8:6 � 10�211=5 � 2�11 2:4 � 10�19 1:998 �2:5 � 10�11 2:5 � 10�29 1:975 �2:1 � 10�211=5 � 2�12 6:0 � 10�19 1:999 �2:5 � 10�11 6:5 � 10�29 1:996 �2:6 � 10�211=5 � 2�13 1:5 � 10�20 1:999 �2:5 � 10�11 1:6 � 10�30 2:000 �2:7 � 10�211=5 � 2�14 3:7 � 10�20 1:999 �2:5 � 10�11 4:1 � 10�30 2:000 �2:7 � 10�211=5 � 2�15 9:4 � 10�21 2:000 �2:5 � 10�11 1:0 � 10�31 2:000 �2:7 � 10�21Table 13: The performance of the Adams-Bashforth formula of second order; h� = 0:00625:5 ConclusionThe experimental results suggest the following conclusion:The linear multistep methods show the usual classical behavior in the treatment of singularproblems if all eigenvalues of M are nonpositive and the integration is therefore performedaway from the singular point.It is still a challenge to prove this result analytically, also for more general problem classes11and to answer the question the experiments suggest:What is the cause of the nonstandard convergence behavior in case �1 � �2 � 0 with h� = 0;while in case h� > 0 classical order can be observed?
11Systems with constant and variable coe�cients. 26
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